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(57) Abstract 

A binary design criteria for PSK-modulated space-time codes is provided. For linear binary PSK(BPSK) codes and quadrature PSK 
(QPSK) codes the "binary rank criterion" (i.e. the binary projections of the unmodulated code word, as binary matrices over the binary 
field) is used as a design criterion. Fundamental code constructions for both quasi-static and time-varying channels are provided. 
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Field of the Invention : 

The invention relates generally to PSK-modulated space-time codes and more 
specifically to using fundamental code constructions for quasi-static and time-varying 
channels to provide full spatial diversity for an arbitrary number of transmit antennas. 



WO 00/18056 



PCT/US99/21850 



Background of the Invention : 

Recent advances in coding theory include space-time codes which provide diversity in 
multi-antenna systems over fading channels with channel coding across a small number 
of transmit antennas. For wireless communication systems, a number of challenges arise 
from the harsh RF propagation environment characterized by channel fading and co-channel 
interference (CCI). Channel fading can be attributed to diffuse and specular multipath, while 
CCI arises from reuse of radio resources. Interleaved coded modulation on the transmit side 
of the system and multiple antennas on the receive side are standard methods used in wireless 
communication systems to combat time-varying fading and to mitigate interference. Both 
are examples of diversity techniques. 

Simple transmit diversity schemes (in which, for example, a delayed replica of the trans- 
mitted signal is retransmitted through a second, spatially-independent antenna and the two 
signals are coherently combined at the receiver by a channel equalizer) have also been consid- 
ered within the wireless communicatioiis industry as a method to combat multipath fading. 
From a coding perspective, such transmit diversity schemes amount to repetition codes and 
encourage consideration of more sophisticated code designs. Information-theoretic studies 
have demonstrated that the capacity of multi-antenna systems significantly exceeds that of 
conventional single-antenna systems for fading channels. The challenge of designing channel 
codes for high capacity multi-antenna systems has led to the development of "space-time 
codes," in which coding is performed across the spatial dimension (e.g, antenna channels) 
as well as time. The existing body of work on space-time codes relates to trellis codes and 
a block coded modulation scheme based on orthogonal designs. Example code designs that 
achieve full diversity for systems with only a small number of antennas (L = 2 and 3) are 
known for both structures, with only a relatively small number of space-time codes being 
known. Thus, a need exists for a methodology of generating and using code constructions 
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which allow systematic development of powerful space-time codes such as general construc- 
tions that provide full diversity in wireless systems with a large number of antennas. 

The main concepts of space-time coding for quasi-static, flat Rayleigh fading channels 
and the prior knowledge as to how to design them will now be discussed. For the purpose 
of discussion, a source generates k information symbols from the discrete alphabet X, which 
are encoded by the error control code C to produce code words of length N = nL t over 
the symbol alphabet y. The encoded symbols are parsed among L t transmit antennas and 
then mapped by the modulator into constellation points from the discrete complex-valued 
signaling constellation ft for transmission across a channel. The modulated streams for all 
antennas are transmitted simultaneously. At the receiver, there are L r receive antennas to 
collect the incoming transmissions. The received baseband signals are subsequently decoded 
by the space-time decoder. Each spatial channel (the link between one transmit antenna and 
one receive antenna) is assumed to experience statistically independent flat Rayleigh fading. 
Receiver noise is assumed to be additive white Gaussian noise (AWGN). A space-time code 
consists as discussed herein perferably of an underlying error control code together with the 
spatial parsing format. 

Definition 1 An L x n space-time code C of size M consists of an (Ln,M) error control 
code C and a spatial parser a that maps each code word vector c 6 C to anLxn matrix c 
whose entries are a rearrangement of those ofc. The space-time code C is said to be linear 
if both C and a are linear. 

Except as noted to the contrary, a standard parser is assumed which maps 
c = (e},^ Wi...^ 4,4 
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to the matrix 

r r l r 1 ... c 1 1 
c l c 2 c n 

r 2 c 2 c 2 
C = . . . 

. c l °l s J 

In this notation, it is understood that cj is the code symbol assigned to transmit antenna i 
at time t. 

L e t / : 3; ft be the modulator mapping function. Then s = /(c) is the baseband 
version of the code word as transmitted across the channel. For this system, the following 
baseband model of the received signal is presented: 

yi^jraijS^s + ni (1) 

where y{ is the signal received at antenna j at time i; a,j is the complex path gain from 
transmit antenna t to receive antenna j; s\ = /(c{) is the transmitted constellation point 
corresponding to cj; and n{ is the AWGN noise sample for receive antenna j at time t. The 
noise samples are independent samples of a zero-mean complex Gaussian random variable 
with variance N 0 /2 per dimension. The fading channel is quasi-static in the sense that, 
during the transmission of n code word symbols across any one of the links, the complex 
path gains do not change with time f , but are independent from one code word transmission 
to the next. In matrix notation, 

Y = v^ADc + N, (2) 

where 

Y = [y\ y\ ••• vl y\ vl ••• vl - v? r - y^]. 

N = [n\ n\ n» n\ n\ ••• n 2 n n{* nfr ••• ] , 

A = [ a U <*21 • • • a L,l «12 <*22 ' ' • <*L,2 ' ' ' ^lL, <*2L r * * ' a l>tLr ] > 

4 
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D c = 



/(c) 0 
0 /(c) 



0 1 
0 



0 0 ... /(c) \ LrLtxLrn 
Let code word c be transmitted. Then the pairwise error probability that the decoder 
prefers the alternate code word e to c is given by 

P(c^e\{a ij }) = P(V<0\{a ij }), 

where V = || A(D e — D e ) 4- N || 2 - 1| N || 2 is a Gaussian random variable with mean E{ V } = 
|| A(D e - D e ) || 2 and variance Var{V} = 2JV 0 E{V}. Thus, 

, (v<01{aiy)) = Q {^M) (3) 

(4) 



* r xp {-ikii^- D ^i' 2 } 



For the quasi-static, flat Rayleigh fading channel, equation (4) can be manipulated to yield 
the fundamental bound: 

P(c->e|{a ij} ) < ( uu{1 + \ iEafANo) ) 

- UnJ ' 



(5) 
(6) 



where r = rank(/(c) — /(e)) and rj — (AiA 2 • • • A r ) 1/r is the geometric mean of the nonzero 
eigenvalues of A = (/(c) - /(e))(/(c) - /(e))« 

This leads to the rank and equivalent product distance criteria for space-time codes. 

(1) Rank Criterion: Maximize the diversity advantage r = rank(/(c) -/(e)) over all pairs 
of distinct code words c,e € C; and 

(2) Product Distance Criterion: Maximize the coding advantage rj = (AiA 2 • * • A r ) 1/r over 
all pairs of distinct code words c, e £ C. 
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The rank criterion is the more important of the two criteria as it determines the asymptotic 
slope of the performance curve as a function of E s /N 0 . The product distance criterion is 
preferably of secondary importance and is ideally optimized after the diversity advantage is 
maximized. For an L x n space-time code C, the maximum possible rank is L. Consequently, 
full spatial diversity is achieved if all baseband difference matrices corresponding to distinct 
code words in C have full rank L. 

Simple design rules for space-time trellis codes have been proposed for L = 2 spatial 
diversity as follows: 

Rule 1. Transitions departing from the same state differ only in the second symbol. 
Rule 2. Transitions merging at the same state differ only in the first symbol. 
When these rules are followed, the code word difference matrices are of the form 

/(c)-/(e)=[- Q 1 - £ - 

with x l5 x 2 nonzero complex numbers. Thus, every such difference matrix has full rank, and 
the space-time code achieves 2-level spatial diversity. Two good codes that satisfy these 
design rules, and a few others that do not, have been handcrafted using computer search 
methods. 

The concept of "zeroes symmetry" has been introduced as a generalization of the above- 
referenced design rules for higher levels of diversity L > 2. A space-time code has zeroes 
symmetry if every baseband code word difference /(c) - /(e) is upper and lower triangular 
(and has appropriate nonzero entries to ensure full rank). The zeroes symmetry property is 
sufficient for full rank but not necessary; nonetheless, it is useful in constraining computer 
searches for good space-time codes. 

Results of a computer search undertaken to identify full diversity space-time codes with 
best possible coding advantage have been presented. A small table of short constraint length 
space-time trellis codes that achieve full spatial diversity (L = 2, 3, and 5 for BPSK modula- 
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tion; L = 2 for QPSK modulation) is available. Difficulties, however, are encountered when 
evaluating diversity and coding advantages for general space-time trellis codes. As a general 
space-time code construction, delay diversity schemes are known to achieve full diversity for 
all L > 2 with the fewest possible number of states. 

A computer search similar to the above-referenced computer search has identified optimal 
L = 2 QPSK space-time trellis codes of short constraint length. The results agree with the 
previous results regarding the optimal product distances but the given codes have different 
generators, indicating that, at least for L = 2, there is a multiplicity of optimal codes. 

A simple transmitter diversity scheme for two antennas has been introduced whcih pro- 
vides 2-level diversity gain with modest decoder complexity* In this scheme, independent 
signalling constellation points Xi, x 2 are transmitted simultaneously by different transmit an- 
tennas during a given symbol interval. On the next symbol interval, the conjugated signals 
— x% and x\ are transmitted by the respective antennas. This scheme has the property that 
the two transmissions are orthogonal in both time and the spatial dimension. 

The Hurwitz-Radon theory of real and complex orthogonal designs are a known gen- 
eralization this scheme to multiple transmit antennas. Orthogonal designs, however, are 
not space-time codes as defined herein since, depending on the constellation, the complex 
conjugate operation that is essential to these designs may not have a discrete algebraic inter- 
pretation. The complex generalized designs for L = 3 and 4 antennas also involve division 
by V2. 

To summarize, studies on the problem of signal design for transmit diversity systems 
have led to the development of the fundamental performance parameters for space-time 
codes over quasi-static fading channels such as: (1) diversity advantage, which describes the 
exponential decrease of decoded error rate versus signal-to-noise ratio (asymptotic slope of 
the performance curve on a log- log scale); and (2) coding advantage, which does not affect 
the asymptotic slope but results in a shift of the performance curve. These parameters are, 
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respectively, the minimum rank and minimum geometric mean of the nonzero eigenvalues 
among a set of complex-valued matrices associated with the differences between baseband 
modulated code words. A small number of interesting, handcrafted trellis codes for two 
antenna systems have been presented which provide maximum 2-level diversity advantage 
and good coding advantage. 

One of the fundamental difficulties of space-time codes, which has so far hindered the 
development of more general results, is the fact that the diversity and coding advantage 
design criteria apply to the complex domain of baseband modulated signals, rather than 
to the binary or discrete domain in which the underlying codes are traditionally designed. 
Thus, a need also exists for binary rank criteria for generating BPSK and QPSK-modulated 
space-time codes. 

Summary of the Invention : 

The present invention overcomes the disadvantages of known trellis codes generated via 
design rules having very simple structure. In accordance with the present invention, more 
sophisticated codes are provided using a method involving design rules selected in accordance 
with the preferred embodiment of the present invention. These codes are straightforward to 
design and provide better performance than the known codes. The present invention also 
provides a significant advance in the theory of space-time codes, as it provides a code design 
method involving a powerful set of design rules in the binary domain. Current design criteria 
are in the complex baseband domain, and the best code design rules to date are ad hoc with 
limited applicability. 

The present invention further provides a systematic method, other than the simple delay 
diversity, of designing space-time codes to achieve full diversity for arbitrary numbers of 
antennas. The performance of space-time codes designed in accordance with the methodology 
and construction of the present invention exceed that of other known designs. 

8 
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Briefly summarized, the present invention relates to the design of space-time codes to 
achieve full spatial diversity over fading channels. A general binary design criteria for phase 
shift keying or PSK-modulated space-time codes is presented. For linear binary PSK (BPSK) 
codes and quadrature PSK (QPSK) codes, the rank (i.e., binary projections) of the unmodu- 
lated code words, as binary matrices over the binary field, is a design criterion. Fundamental 
code constructions for both quasi-static and time- varying channels are provided in accordance 
with the present invention. 

A communication method in accordance with an embodiment of the present invention 
comprises the steps of generating information symbols for data block frames of fixed length, 
encoding the generated information symbols with an underlying error control code to produce 
the code word symbols, parsing the produced code word symbols to allocate the symbols in 
a presentation order to a plurality of antenna links, mapping the parsed code word symbols 
onto constellation points from a discrete complex-valued signaling constellation, transmitting 
the modulated symbols across a communication channel with the plurality of antenna links, 
providing a plurality of receive antennas at a receiver to collect incoming transmissions and 
decoding received baseband signals with a space-time decoder. 

Brief Description of the Drawings : 

The various aspects, advantages and novel features of the present invention will be more 
readily comprehended from the following detailed description when read in conjunction with 
the appended drawings in which: 

Fig. 1 is a block diagram of an exemplary digital cellular Direct Sequence Code Division 
Multiple Access (DS-CDMA) base-station-to-mobile-station (or forward) link; 

Fig. 2 is a block diagram of a system for a digital cellular system which implements space- 
time encoding and decoding in accordance with an embodiment of the present invention; 

Fig. 3 is a block diagram illustrating space-time encoding and decoding in accordance 
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with an embodiment of the present invention; 

Fig. 4 is a block diagram of a full-diversity space-time concatenated encoder constructed 
in accordance with an embodiment of the present invention; and 

Figs. 5a, 5b, 5c and 5d illustrate how known space-time codes for QPSK modulation 
over slow fading channels complies with general design rules selected in accordance with an 
embodiment of the present invention. 

Throughout the drawing figures, like reference numerals will be understood to refer to 
like parts and components. 

Detailed Description' of the Preferred Embodiments : 

Referring to Fig. 1, by way of an example, a conventional digital cellular Direct Sequence 
Code Division Multiple Access (DSCDMA) base-station-to-mobile-station (or forward) link 
10 is shown using a conventional convolutional encoder and Viterbi decoder. Fig. 1 also 
illustrates the mobile-station-to-base-station (or reverse) link. 

At the transmit end, the system 10 in Fig. 1 comprises a data segmentation and framing 
module 16 where user information bits are assembled into fixed length frames from transmit 
data blocks 12. The N bits per frame are input to the base station's convolutional encoder 18 
of rate r, which produces N/r code symbols at the input of the channel interleaver 20. The 
channel interleaver 20 performs pseudo-random shuffling of code symbols, and outputs the 
re-arranged symbols to the spread spectrum modulator 22. The spread spectrum modulator 
22 uses a user-specific transmit PN-code generator 24 to produce a spread spectrum signal 
which is carried on a RF carrier to the transmitter 26, where a high power amplifier coupled 
to the transmit antenna 28 radiates the signal to the base station. The techniques of spread 
spectrum modulation and RF transmission are well known art to one familiar with spread 
spectrum communications systems. 

The signal received at the mobile station antenna 30 is amplified in the RF receiver 32 
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and demodulated by the spread spectrum demodulator 34, which uses the same PN-code 
generator 36 as used by the base station transmitter to de-spread the signal The demod- 
ulated symbols are de-interleaved by the channel de-interleaver 38 and input to the Viterbi 
decoder 40. The decoded information bits are reconstructed using data block reconstruction 
42 into receive data blocks 14 and forwarded to the data terminal equipment at the receive 
end. 

With reference to Fig. 2, a digital cellular base-station-to-mobile-station link is shown 
to illustrate the implementation of space-time encoding and decoding in accordance with 
an embodiment of the present invention. While CDMA system is used as an example, 
one familiar with the art would consider the present invention applicable to other types of 
wireless systems, which can employ other types of multiple access methods such as time 
division multiple access (TDM A). 

Transmit data blocks 52 from the data terminal equipment are segmented and framed 
56 into fixed frame length and applied to the mobile's channel space- time encoder 58. The 
output from a channel encoder 60 is fed to the space-time formatter 62 which determines 
the parsing (allocation and presentation order) of the coded symbols to the various transmit 
antennas 70a, 70b, 70c. The spatial formatter output is applied to the spread spectrum 
modulator 64 which uses a user specific PN-code generator 66 to create spread spectrum 
signals, carried on a RF carrier via base RF transmitter 68, to the mobile station transmitter. 
The transmitter, with high power amplifier coupled to the Transmit antenna, radiates the 
signals via separate transmit antennas to the mobile station. 

The signal received at one or more mobile station antenna(s) 72 is amplified in the mobile 
RF receiver 74 and demodulated in a phase shift keying demodulator 76, which uses the same 
PN-code generator 78 as used by the base station transmitter, to de-spread the signal. The 
demodulated symbols are processed at space-time decoder 80 by the space-time de- formatter 
82 and input to the channel decoder 84. The decoded information bits are reconstructed 86 
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into receive data blocks 54 and forwarded to the data terminal equipment at the receive end. 
Based on the space-time code used, the de-formatter 82 and the decoder 84 can be grouped 
in a single maximum likelihood receiver. 

Fig. 3 illustrates an exemplary communication system 90 having a path 92 from a source 
and a path 94 to a sink and which can be a system other than a cellular system. The system 
90 has a space-time encoder 96 that is similar to the encoder 58 depicted in Fig. 2 in that it 
comprises a channel encoder 98 and a spatial formatter 100. Plural modulators 102a, 102b, 
102c, and so on, are also provided. At the receiver end, a space-time demodulator 104 and 
a space-time decoder 106 are provided. 

With continued reference to Fig. 3, the source generates k information symbols from a 
discrete alphabet X on the path 92 which are encoded by an error control code C by the 
space-time encoder 96. The space-time encoder 96 produces code words of length N over the 
symbol alphabet Y. The encoded symbols are mapped by the modulators 102a, 102b, 102c, 
and so on, onto constellation points from a discrete, complex-valued signaling constellation 
for transmission across the channel. The modulated radio frequency signals for all of the 
L transmit antennas 102a, 102b, 102c, and so on, are transmitted at the same time to 
the receiver space-time demodulator 104. The space-time channel decoder 106 decodes the 
signals to the received data path 94. As shown, the receiver provides M receive antennas to 
collect the incoming transmissions. The received baseband signals are subsequently decoded 
by the space-time decoder 106. The space-time code preferably includes an underlying error 
control code, together with the spatial parsing format as discussed below. 

Fig. 4 depicts an exemplary concatenated space-time encoder 110 for implementing a 
full- diversity space-time concatenated coding sequence. The coding sequence employs an 
outer code 112 which provides signals to a spatial formatter 114. Signals from the spatial 
formatter 114 are separated for coding at inner code 116a, 116b, 116c, and so on, which 
provide signals that are modulated, respectively, by modulators 118a, 118b, 118c, and so on, 
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for transmission via antennas 120a, 120b, 120c, and so on. A convolutional encoder applying 
the binary rank criterion for QPSK modulated space-time codes is shown in block diagram 
form in Figs. 5a through 5d in which known trellis space- time codes proposed for QPSK 
modulation are shown to comply with the general design rules of the present invention. 
Space-time trellis codes are shown in Figs. 5a through 5d, respectively, for 4, 8, 16, and 32 
states which achieve full spatial diversity. As shown, the delay structures 122, 124, 126, and • 
128 provided for each respective code design axe enough to ensure that L = 2 diversity is 
achieved. In the text below, a number of known codes are shown to be special cases of the 
general constructions presented in accordance with the present invention. In addition, the 
present invention provides new delay diversity schemes and constructions such as examples 
of new BPSK space-time codes for L > 2 and new QPSK space-time codes for L > 2. 

The present invention is concerned primarily with the design of space-time codes rather 
than the signal processing required to decode them. In most cases, the decoding employs 
known signal processing used for maximum likelihood reception. 

The derivation of space-time codes from codes on graphs is a primary feature of the present 
invention, that is, to define constraints on matrices for linear codes based on graphs to pro- 
vide full spatial diversity as space-time codes and therefore to design graphical codes for 
space-time applications. The matrices can be obtained using the present invention. Graph- 
ical codes designed in this manner can be decoded using soft-input, soft-output techniques. 
Thus, performance is close to the Shannon limit. Accordingly, the code constructions or 
designs of the present invention define the state-of-the-art performance of space-time codes. 
An improvement of iterative soft-input, soft-output decoding for a space-time channel is 
marginalization since the receiver need only access the sum of the transmission from the L 
transmit antennas. This marginalization is improved via iteration. 

A general stacking construction for BPSK and QPSK codes in quasi-static fading channels 
is presented as another novel feature of the present invention. Examples of this construction 
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axe given by the rate 1/L binary convolutional codes for BPSK modulation. A preferred 
class of QPSK modulated codes is the linear rate 1/L convolutional codes over the integers 
modulo 4. Specific examples of selected block and concatenated coding schemes for L = 2 
and L = 3 antennas with BPSK and QPSK modulation are provided below. In addition, 
a dyadic construction for QPSK signals using two binary full rank codes is also described 
below. 

Another example is provided below of an expurgated, punctured version of the Golay 
code Q23 that can be formatted as a BPSK-modulated space-time block code achieving 
full L = 2 spatial diversity and maximum bandwidth efficiency (rate 1 transmission). For 
L = 3 diversity, an- explicit rate 1 space-time code is derived below which achieves full 
spatial diversity for BPSK and QPSK modulation. By contrast, known space-time block 
codes derived from complex, generalized orthogonal designs provide no better bandwidth 
efficiency than rate 3/4. 

The de-stacking construction is a method of obtaining good space-time overlays for ex- 
isting systems for operation over time-varying fading channels. The key advantage of these 
systems is that of robustness because they exploit time and space diversity. There is coding 
gain both spatially (from the space- time "stacking") and temporally (conventional coding 
gain achieved by "de-stacking"). The system is not dependent entirely on the spatial diver- 
sity, which may not be available under all deployment and channel circumstances. Examples 
of these are obtained from de-stacking the rate 1/L convolution codes (BPSK) and (QPSK). 

Multi-level code constructions with multi-stage decoding also follow the design criteria 
of the present invention. Since binary decisions are made at each level, the BPSK design 
methodology of the present invention applies. For 8-PSK, the binary rank criteria developed 
for BPSK and QPSK cases also apply for the special case of L = 2 antennas. This allows 
more sophisticated L = 2 designs for PSK than is currently commercially available. 

The design of space-time codes in accordance with the present invention will now be 
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described. In Section 1, binary rank criteria for BPSK and QPSK-modulated space-time 
codes are discussed which are selected in accordance with the present invention. Sections 
2 and 3 expand on the use of these criteria to develop comprehensive design criteria in 
accordance with the present invention. In Section 2, new fundamental constructions for 
BPSK modulation are provided in accordance with the present invention that encompass 
such special cases as transmit delay diversity schemes, rate 1/L convolutional codes, and 
certain concatenated coding schemes. The general problem of formatting existing binary 
codes into full-diversity space-time codes is also discussed. Specific space-time block codes 
of rate 1 for L = 2 and L = 3 antennas axe given that provide coding gain, as well as 
achieve full spatial diversity. In Section 3, Z 4 analogs of the binary theory are provided in 
accordance with the present invention. It is also shown that full diversity BPSK designs lift 
to full diversity QPSK designs. In Section 4, the existing body of space-time trellis codes is 
shown to fit within the code design criteria of the present invention. Extension of the design 
criteria to time- varying channels is discussed in Section 5, which describes how multi-stacking 
constructions in accordance with the present invention provide a general class of "smart- 
greedy" space-time codes for such channels. Finally, Section 6 discusses the applicability of 
the binary rank criteria to multi-level constructions for higher-order constellations. 

1 Binary Rank Criteria for Space- Time Codes 

The design of space-time codes is hampered by the fact that the rank criterion applies 
to the complex-valued differences between the baseband versions of the code words. It is 
not easy to transfer this design criterion into the binary domain where the problem of code 
design is relatively well understood. In section 1, general binary design criteria are provided 
that are sufficient to guarantee that a space- time code achieves full spatial diversity. 

In the rank criterion for space-time codes, the sign of the differences between modulated 
code word symbols is important. On the other hand, it is difficult to see how to preserve 
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that information in the binary domain. In accordance with the present invention, what can 
be said in the absence of such specific structural knowledge is investigated by introducing 
the following definition. 

Definition 2 Two complex matrices r\ and r 2 is said to be w- equivalent if r\ can be trans- 
formed into r 2 by multiplying any number of entries of r\ by powers of the complex number 
u>. 

Interest primiarily lies in the u-equivalence of matrices when a; is a generator for the 
signalling constellation ft. Since BPSK and QPSK are of particular interest, the following 
special notation is introduced: 

BPSK (u; = — 1): ri = r 2 denotes that ri and r 2 are (— l)-equivalent. 

QPSK (a; = i = V— T): ri = r 2 denotes that ri and r 2 are i-equivalent. 

Using this notion, binary rank criteria for space-time codes are derived that depend only 
on the unmodulated code words themselves. The binary rank criterion provides a complete 
characterization for BPSK-modulated codes (under the assumption of lack of knowledge 
regarding signs in the baseband differences). It provides a highly effective characterization 
for QPSK-modulated codes that, although not complete, provides a fertile new framework 
for space-time code design. 

The BPSK and QPSK binary rank criteria simplify the problem of code design and the 
verification that full spatial diversity is achieved. They apply to both trellis and block 
codes and for arbitrary numbers of transmit antennas. In a sense, these results show that 
the problem of achieving full spatial diversity is relatively easy. Within the large class of 
space-time codes satisfying the binary rank criteria, code design is reduced to the problem 
of product distance or coding advantage optimization. 

1.1 BPSK-Modulated Codes 
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For BPSK modulation, the natural discrete alphabet is the field F = {0, 1} of integers 
modulo 2. Modulation is performed by mapping the symbol x £ F to the constellation 
point s = f(x) e {—1,1} according to the rule s = (— l) x . Note that it is possible for 
the modulation format to include an arbitrary phase offset c 1 * , since a uniform rotation of 
the constellation will not affect the rank of the matrices /(c) — /(e) nor the eigenvalues of 
the matrices A = (/(c) — /(e))(/(c) — /(e)) H . Notationally, the circled operator © is used 
to distinguish modulo 2 addition from real- or complex-valued (+, — ) operations. It will 
sometimes be convenient to identify the binary digits 0,1 G F with the complex numbers 
0, 1 € C. This is done herein without special comment or notation. 

Theorem 3 Let C be a linear L X n space-time code with n > L. Suppose that every non- 
zero binary code word c € C has the property that every real matrix (— I) -equivalent to c is 
of full rank L. Then, for BPSK transmission, C satisfies the space-time rank criterion and 
achieves full spatial diversity L. 

Proof: It is enough to note that [(-l) Cl - (-l) C2 ]/2 = ci © c 2 . 

It turns out that (— Inequivalence has a simple binary interpretation. The following 
lemma is used. 

Lemma 4 Let M be a matrix of integers. Then the matrix equation Mi = 0 has non-trivial 
real solutions if and only if it has a non-trivial integral solution x = [d\, ^2? • • • > ^l] in which 
the integers di, cfej • • • > are jointly relatively prime — that is, £cd(<fi, cfa, . . . , di) = 1. 

Proof : Applying Gaussian elimination to the matrix M yields a canonical form in which 
all entries are rational. Hence, the null space of M has a basis consisting of rational vectors. 
By multiplying and dividing by appropriate integer constants, any rational solution can be 
transformed into an integral solution of the desired form. 
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Theorem 5 The L X n, (n > L), binary matrix c = ( c x c 2 • • • c L ] T has full rank L 
over the binary field F if and only if every real matrix r = [ f\ f 2 ■ • • fi ] T that is (— 1)- 
equivalent to c /ias /u// rani i over £/ie rea/ field R. 

Proof : (=>) Suppose that r is not of full rank over R. Then there exist real ai , a 2y - - - , ox, 

not all zero, for which aifi + + V ctL^L — 0. By the lemma, a 4 - are assumed to be 

integers and jointly relatively prime. Given the assumption on r and c, f, = c, (mod 2). 
Therefore, reducing the integral equation modulo 2 produces a binary linear combination of 
the Ci that sums to zero. Since the a,* axe not all divisible by 2, the binary linear combination 
is non-trivial. Hence, c is not of full rank over F. 

(<=) Suppose that c is not of full rank over F. Then there are rows c,^, Cj 2 , . . . , Ci v such 
that Cij © Ci 2 © • • • © C{ u = 0. Each column of c therefore contains an even number of ones 
among these v rows. Hence, the + and — signs in each column can be modified to produce 
a real- valued summation of these v rows that is equal to zero. This modification produces a 
real-valued matrix that is (— l)-equivalent to c but is not of full rank. 

The binary criterion for the design and selection of linear space-time codes in accordance 
with the present invention now follows. 

Theorem 6 (Binary Rank Criterion) Let C be a linear Lxn space-time code with n>L. 
Suppose that every non-zero binary code word c 6 C is a matrix of full rank over the binary 
field F. Then, for BPSK transmission, the space-time code C achieves full spatial diversity L. 

The binary rank criterion makes it possible to develop algebraic code designs for which 
full spatial diversity can be achieved without resorting to time consuming and detailed 
verification. Although the binary rank criterion and of the present invention associated 
theorems are stated for linear codes, it is clear from the proofs that they work in general, 
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even if the code is nonlinear, when the results are applied to the modulo 2 differences between 
code words instead of the code words themselves. 

1.2 QPSK-Modulated Codes 

For QPSK modulation, the natural discrete alphabet is the ring Z 4 = {0, ±1, 2} of integers 
modulo 4. Modulation is performed by mapping the symbol x 6 Z 4 to the constellation 
point s 6 {±1, ±i} according to the rule s = i x , where i = \/—T. Again, the absolute phase 
reference of the QPSK constellation can be chosen arbitrarily without affecting the diversity 
advantage or coding advantage of a Z 4 -valued space-time code. Notationally, subscripts are 
used to distinguish modulo 4 operations (® 4 ,0 4 ) from binary (©) and real- or complex- 
valued (+, — ) operations. 

For the Z4-valued matrix c, the binary component matrices a(c) and /?(c) are defined to 
satisfy the expansion 

c = 0(c) + 2a(c). 

Thus, f}{c) is the modulo 2 projection of c and a(c) = [c 0 4 /?(c)]/2. 

The following special matrices are now introduced which are useful in the analysis of 
QPSK-modulated space-time codes: 

(1) Complex-valued ((c) = c + t/9(c); and 

(2) Binary-valued indicant projections: E(c) and $(c). 

The indicant projections are defined based on a partitioning of c into two parts, according to 
whether the rows (or columns) are or are not multiples of two, and serve to indicate certain 
aspects of the binary structure of the Z 4 matrix in which multiples of two are ignored. 

A Z 4 - valued matrix c of dimension L x n is of type l*2 L ~* x l m 2 n ~ m if it consists of exactly 
£ rows and m columns that are not multiples of two. It is of standard type l*2 L ~ e x l m 2 n " m 
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if it is of type l'2 r '~ < x i m 2 n_m and the first i rows and first m columns in particular are not 
multiples of two. When the column (row) structure of a matrix is not of particular interest, 
the matrix is of row type l' x 2 L ~ l (column type l m x 2 n ~ m ) or, more specifically, standard 
row (column) type. 

Let c be a Z 4 -valued matrix of type \ l 2 L ~ l x l m 2 n_m . Then, after suitable row and 
column permutations if necessary, it has the following row and column structure: 



c = 



C2 



23 



23 



■t+i 



e+2 



v m 2^ +1 2*2;, 



2^] 



E(c) = 



2? L 

Then the row-based indicant projection (E-projection) is defined as 

m) 
m 

and the column-based indicant projection (^-projection) is defined as 

•(c) = [pffl) fi{J%) ... fi{I£) fi(J&») fi(l£») ■■■ /?(/£)]. 

Note that 

[tf (c)] T = E(c T ). (7) 

The first result shows that the baseband difference of two QPSK-modulated code words 
is directly related to the Z4- difference of the unmodulated code words. 
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Proposition 7 LetC be a Z 4 space-time code. Forx,y G C, let i x — i y denote the baseband 
difference of the corresponding QPSK-modulated signals. Then, 

i x - i y = ((xe 4 y). 

Furthermore, any complex matrix z = r+is that is (—l)-equivalent to i x — i y has the property 
that 

r = s = /?(x 04 y) = x © y (mod 2). 

Proof: Any component of i x — t y cm be written as 

i* - p = _;v . (1 _ ^ 

where 6 = x © 4 y. Since 



l-i 5 =< 



f 0, 5 = 0 

1 - 1 = -i • (1 + i), 6 = 1 

2, 6 = 2 

I !+£ = -*. (-1 + 0, 6 = -l, 



the entry i x — i v can be turned into the complex number (x 0 4 y) + i(x © y) by multiplying 
by ±1 or ±i as necessary. Thus, 

i x - %y » ( x ©4 y) + i(x © y) = C(x 0 4 y), 

as claimed. 

For (— Inequivalence, multiplication by ±i is not allowed. Under this restriction, it is no 
longer possible to separate z into the terms x0 4 y and x © y so cleanly; the discrepancies, 
however, amount to additions of multiples of 2. Hence, if z = r + is = i* — i y , then 
r = x ©4 y (mod 2) and s = x © y (mod 2). 
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Theorem 8 Let C be a linear, L x n (n> L) space-time code over 2 4 . Suppose that every 
non-zero code word c G C has the property that every complex matrix i-equivalent to ((c) is 
of full rank L. Then, for QPSK transmission, C satisfies the space-time rank criterion and 
achieves full spatial diversity L. 

Proof: Since C is linear, the Z 4 -difference between any two code words is also a code word. 
The result then follows immediately from the previous proposition. 

The indicant projections of the Z^valued matrix c provide a significant amount of in- 
formation regarding the singularity of ((c) and any of its t-equivalents. Thus, the indicants 
provide the basis for our binary rank criterion for QPSK-modulated space-time codes. 

Theorem 9 Let c = [ ci c 2 • • • ci ] T be an IL^-valued matrix of dimension L x n, (n> 
L). If the row-based indicant E(c) or the column-based indicant ^(c) has full rank L over 
F, then every complex matrix z that is i-equivalent to ((c) has full rank L over the complex 
field C. 

Proof: Proof for the row-based indicant will now be provided. The proof for the 
column-based indicant is similar. 

By rearranging the rows of c if necessary, any row that is a multiple of 2 can be assumed 
to appear as one of the last rows of the matrix. Thus, there is an £ for which /?(c,-) ^ 0 
whenever 1 < i < I and /?(£,-) = 0 for I < i < L. The first I rows is called the 1-part of c; 
the last L — £ rows is called the 2-part. 

Suppose that 







' f x + t'Si 












. ft + il L . 
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is singular and is i-equivalent to £(c). Then there exist complex numbers cti = «i + a 2 = 

«2 + ihy - • - , <*l = + *&L> not all zero, for which 

L L 

ai^i + a 2 z 2 + • • • + ajr 5 L = 53(a t T t - - 6 t S t ) + i £(6 t f t - + a t s t ) = 0. (8) 

Without loss of generality, the a,, 6, are assumed to be integers having greatest common 
divisor equal to L Hence, there is a nonempty set of coefficients having real or imaginary 
part an odd integer. The coefficient a< is said to be even or odd depending on whether two 
is or is not a common factor of a; and &,-. It is said to be of homogeneous parity if a,- and b{ 
are of the same parity; otherwise, it is said to be of heterogeneous parity. 

There axe now several cases to consider based on the nature of the coefficients applied to 
the 1-part and 2-part of z. 

Case (i): There is an odd coefficient of heterogeneous parity applied to the 1-part of z. 

In this case, taking the projection of (8) modulo 2, 

XXoi) © mm*) = o, 

i=l 

since /?(r,) = /?(s t ) = /?(c,*) by the proposition. By assumption, at least one of the binary 
coefficients © /3(bi) is nonzero. Hence, this is a non-trivial linear combination of the 
first I rows of H(c), and so H(c) is not of full rank over F. 

Case (w): All of the nonzero coefficients applied to the 1-part of z are homogeneous and 
at least one is odd; all of the coefficients applied to the 2-part of z are homogeneous (odd or 
even). 

In this case, equation (8) is multiplied by a*/2 = (a — ifc)/2, where a = a + ib is one 
of the coefficients applied to the 1-part of z having a and b both odd. Note that a* a; is 
even if or; is homogeneous (odd or even) and is odd homogeneous if a t - is heterogeneous. 
Hence, this produces a new linear combination, all coefficients of which still have integral 
real and imaginary parts. In this linear combination, one of the new coefficients is | a | 2 /2 = 
(a 2 + 6 2 )/2, which is an odd integer. The argument of case (i) now applies. 
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Case (Hi): All of the nonzero coefficients applied to the 1-part of z are homogeneous and 
at least one is odd; there is a heterogeneous coefficient applied to the 2-part of z. 

In this case, normalization occurs as in case (ii), using one of the odd homogeneous 
coefficients from the 1-part of z, say a = a + ib. Thus, normalization produces the equation 

ot\Z\ + ■ • * + octzt + oy+i^+i + • ■ • + &lz 9 l = 0, (9) 

where a t = a*a t */2 for % < £ and or, = a*a t * for i > £. 

Taking the projection modulo 2 of the real (or imaginary) part of equation (9) yields 

o = hfi{ii)efi<km*)9 E mm® E mm 

t=l t=M-l t=M-i 

= D^^eWlci)® E «Wffi)eflJ})). 

For i > I + 1, it is true that /?(f *) © /?(s$) = /?(cj), where c, = 2cJ is the i-th row of c. 
By assumption, there is a nonzero coefficient in each of the three component sums. Hence, 
equation (9) establishes a nontrivial linear combination of the rows of H(c). 

Case (iv): All of the coefficients applied to the 1-part of z are even, and at least one of 
the coefficients applied to the 2-part of z is heterogeneous. 

In this case, equation (8) is divided by two to get the modified dependence relation 

a[z x + • - • + ol t z t + at+iz't+i + • • • + ol l z l = 0, (10) 

where o! { = a,/2 and z\ = z,/2. Projecting modulo 2 gives two independent binary equations 
corresponding to the real and imaginary parts of equation (10): 

ElflaQeflW*)© E mm)® E mm = o 

Ew«D®w(«)e E mm) 9 e mm = o. 

Setting these two equal gives 

i:im®m][m®m)=o, 

i=e+i 
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which is a nontrivial linear combination of the rows /?(cj) = /?(r{) © for % > £ + 1, of 

2(c). 

Case (v): All of the coefficents applied to the 1-part of z are even, and all of the coefficients 
applied to the two part of z are homogeneous. 

In this case, equation (10) is first used after dividing by two. Recalling that at least one 
of the coefficients a*+i, . . . is odd, the modulo 2 projection of equation (10) is taken to 
get (from either the real or imaginary parts) the equation 

£[/?(«:•) © i>{ mm © e ^«®^)]=o. 

i=l 1=4+1 

This is once again a. nontrivial linear combination of the rows of E(c). 

The binary rank criterion for QPSK space-time codes in accordance with the present 
invention now follows as an immediate consequence of the previous two theorems. 

Theorem 10 (QPSK Binary Rank Criterion I) Let C be a linear Lxn space-time code 
over Z4, with n > L. Suppose that, for every non-zero c 6 C, the row-based indicant H(c) 
or the column-based indicant *(c) has full rank L over F. Then, for QPSK transmission, 
the space-time code C achieves full spatial diversity L. 

In certain Z 4 space-time code constructions, there may be no code word matrices having 
isolated rows or columns that are multiples of two. For example, it is possible for the entire 
code word to be a multiple of two. In this case, the following binary rank criterion is simpler 
yet sufficient. 

Theorem 11 (QPSK Binary Rank Criterion II) Let C be a linear Lxn space-time 
code over Z4, with n> L. Suppose that, for every non-zero cfC, the binary matrix 0(c) is 
of full rank over ¥ whenever 0(c) ^ 0, and /?(c/2) is of full rank over F otherwise. Then, 
for QPSK transmission, the space-time code C achieves full spatial diversity L. 

25 



i 



WO 00/18056 



PCT/US99/21850 



Proof: Under the specified assumptions, either !E(c) = /3(c) or H(c) = /?(c/2), depending 
on whether /?(c) = 0 or not. 

The QPSK binary rank criterion is a powerful tool in the design and analysis of QPSK- 
modulated space- time codes. 

2 Theory of BPSK Space-Time Codes 

2.1 Stacking Construction 

A general construction for L x n space-time codes that achieve full spatial diversity is 
given by the following theorem. 

Theorem 12 (Stacking Construction) Let Ti,T 2 , . . . ,Tx, be linear vector-space transfor- 
mations from F* into F n , and let C be the L x n space-time code of dimension k consisting 
of the code word matrices 

' r,(s) i 

2i(5) 
. Tl(x) . 

where x denotes an arbitrary k-tuple of information bits and n > L. Then C satisfies the 
binary rank criterion, and thus achieves full spatial diversity L, if and only ifT\^T%^ . . . ,7l 
have the property that 

Vai,a2,. . .,aj, G F : 

T = a\T\ © a<{Fi ® * • • © a^Ti is nonsingular unless a\ = a<i — • • • = a/, = 0. 

Proof: (=>) Suppose C satisfies the binary rank criterion but that T = a\T\ © a 2 T2 © • • ■ © 
a^Ti, is singular for some ai,a2,...,ai, € F. Then there is a non-zero xq 6 F* such that 



c(x) = 
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T(xo) = 0. In this case, 

T{x 0 ) = a x • Ti{x 0 ) © a 2 • T 2 (x 0 ) © • • • © a L • T L (x 0 ) = 0 

is a dependent linear combination of the rows of c(x 0 ) G C. Since C satisfies the binary rank 
criterion, ai = a 2 = • • • = = 0. 

(4=) Suppose 7i, T 2 , . . . , T L have the stated property but that c(x 0 ) G C is not of full rank. 
Then there exist ai, a 2 , , - . , ai € F, not all zero, for which 

T(x Q ) = a a • Ti(x 0 ) © a 2 • r 2 (x 0 ) © • • • © a L • r L (x 0 ) = 0, 

wheere T = ai7\ © a 2 r 2 © • • • © a L T L . By hypothesis, T is nonsingular; hence, x 0 = 0 and 
c = 0. 

The vector-space transformations of the general stacking construction can be implemented 
as binary k X n matrices. In this case, the spatial diversity achieved by the space-time code 
does not depend on the choice of basis used to derive the matrices. 

A heuristic explanation of the constraints imposed on the stacking construction will now 
be provided. In order to achieve spatial diversity L on a flat Rayleigh fading channel, the 
receiver is expected to be able to recover from the simultaneous fading of any L — 1 spatial 
channels and therefore be able to extract the information vector x from any single, unfaded 
spatial channel (at least at high enough signal-to-noise ratio). This requires that each matrix 
Mj be invertible. That each linear combination of the M t * must also be invertible follows 
from similar reasoning and the fact that the transmitted symbols are effectively summed by 
the channel. 

The use of transmit delay diversity provides an example of the stacking construction. In 
this scheme, the transmission from antenna i is a one-symbol-delayed replica of the trans- 
mission from antenna t — 1. Let C be a linear [n, k] binary code with (nonsingular) generator 

27 



WO 00/18056 



PCT/US99/21850 



matrix G, and consider the delay diversity scheme in which code word c = xG is repeated on 
each transmit antenna with the prescribed delay. The result is a space-time code achieving 
full spatial diversity. 

Theorem 13 Let C be the Lx(n + L — 1) space-time code produced by applying the stacking 
construction to the matrices 

Mj = [ G O k x(L-i) ] ,M 2 = [ 0* xl G ],..., M L = [ O k *(L-i) G ] , 

where 0 IXJ - denotes the all-zero matrix consisting of i rows and j columns and G is the 
generator matrix of a linear [n, k] binary code. Then C achieves full spatial diversity L. 

Proof : In this construction, any linear combination of the M, has the same column space 
as that of G and thus is of full rank fc. Hence, the stacking construction constraints are 
satisfied, and the space-time code C achieves full spatial diversity L. 

A more sophisticated example of the stacking construction is given by the class of binary 
convolutional codes. Let C be the binary, rate convolutional code having transfer 
function matrix 

G(D)=[ 9l (D) g 2 (D) ... 9 l{D)\. 

The natural space-time code C associated with C is defined to consist of the code word 
matrices c(D) = G T (D)x(D), where the polynomial x(D) represents the input information 
bit stream* In other words, for the natural space-time code, the natural transmission format 
is used in which the output coded bits corresponding to gi(x) are transmitted via antenna 
i. The trellis codes are assumed to be terminated by tail bits. Thus, if x(D) is restricted 
to a block of N information bits, then C is an L x (TV + v) space-time code, where v — 
maxi< t <£,{deg(jri(x)} is the maximal memory order of the convolutional code C. 
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Theorem 14 The natural space-time codeC associated with the rate 1/L convolutional code 
C satisfies the binary rank criterion, and thus achieves full spatial diversity L for BPSK 
transmission, if and only if the transfer function matrix G(D) of C has full rank L as a 
matrix of coefficients over F. 



Proof : Let gi(D) = #0 + guD + g{ 2 D 2 -\ h g%uD v ^ where % — 1, 2, . . . , L. Then, the result 

follows from the stacking construction applied to the generator matrices 

. 0 



9io 9ii 9iv 0 
0 gio gn ... g%u 



0 ... 0 g iQ gn 
each of which is of dimension N x (N + v). 



0 

9iv . 



Alternately, Theorem 14 is proven by observing that ^2 aigi(D)x(D) — 0 for some 

l<t<L 

x(D) ^ 0 iff a i9i(D) = 0- This proof readily generalizes to recursive convolutional 

l<t<L 

codes. 

Since the coefficients of G(D) form a binary matrix of dimension L x (v + 1) and the 
column rank must be equal to the row rank, the theorem provides a simple bound as to how 
complex the convolutional code must be in order to satisfy the binary rank criterion. It has 
been showed that the bound is necessary for the trellis code to achieve full spatial diversity. 

Corollary 15 In order for the corresponding natural space-time code to satisfy the binary 
rank criterion for spatial diversity L, a rate l/L convolutional code C must have maximal 
memory order v > L — 1. 

Standard coding theory provides extensive tables of binary convolutional codes that 
achieve optimal values of free distance d{ m . Although these codes are widely used in con- 
ventional systems, the formatting of them for use as space-time codes has not been studied 
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previously. A significant aspect of the current invention is the separation of the channel code 
from the spatial formatting and modulation functions so that conventional channel codes 
can be adapted through use of the binary rank criteria of the present invention to space-time 
communication systems. In Table I, many optimal rate 1/L convolutional codes are listed 
whose natural space-time formatting in accordance with the present invention achieves full 
spatial diversity L. The table covers the range of constraint lengths v = 2 through 10 for 
L = 2, 3, 4 and constraint lengths v = 2 through 8 for L = 5, 6, 7, 8. Thus, Table I provides a 
substantial set of exemplary space-time codes of practical complexity and performance that 
are well-suited for wireless communication applications. 

There are some gaps in Table I where the convolutional code with optimal dfree is not 
suitable as a space-time code. It is straightforward, however, to find many convolutional 
codes with near-optimal df^ that satisfy the stacking construction of the present invention. 

In the table, the smallest code achieving full spatial diversity L has v — L rather than 
v — L — 1. This is because every optimal convolutional code under consideration for the 
table has all of its connection polynomials of the form gi(D) — 1 + • - • + D u \ hence, the 
first and last columns of G(D) are identical (all ones), so an additional column is needed to 
achieve rank L. Other convolutional codes of more general structure with u = L — 1 could 
also be found using the techniques of the present invention. 
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Table I. Binary Rate 1/L Convolutional Codes with Optimal 
whose Natural Space-Time Codes Achieve Full Spatial Diversity 



L 


V 


Connection Polynomials 


j 

"free 


2 


2 


5,7 


5 




3 


64, 74 


6 




4 


46, 72 


7 




5 


65, 57 


8 




6 


554, 744 


10 




7 


712, 476 


10 




8 


561, 753 


12 




9 


4734, 6624 


12 




10 


4672, 7542 


14 


3 


3 


54, 64, 74 


10 




4 


52, 66, 76 


12 




5 


47, 53, 75 


13 




6 


554, 624, 764 


15 




7 


452, 662, 756 


16 




8 


557, 663, 711 


18 




9 


A A FY A *«A A A 

4474, 5724, 7154 


20 




10 


4726, 5562, 6372 


22 


4 


4 


52, 56, 66, 76 


16 




5 


53, 67, 71, 75 


18 




7 


472, 572, 626, 736 


22 




8 


463, 535, 733, 745 


24 




9 


4474, 5724, 7154, 7254 


27 




10 


4656, 4726, 5562, 6372 


29 


5 


5 


75, 71, 73, 65, 57 


22 




7 


536, 466, 646, 562, 736 


28 



In the stacking construction, the information vector x is the same for all transmit antennas. 
This is necessary to ensure full rank in general. For example, if Ti(F fc ) D T2(F*) ^ {0}, then 
the space-time code consisting of the matrices 



c(x,y) = 



T»(S) 



cannot achieve full spatial diversity even if T x and T 2 satisfy the stacking construction con- 
straints. In this case, choosing x, y so that T x (x) = T 2 (y) ^ 0 produces a code word matrix 
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having two identical rows. One consequence of this fact is that the natural space-time codes 
associated with non- catastrophic convolutional codes of rate k/L with A; > 1 do not achieve 
full spatial diversity. 

The natural space-time codes associated with certain Turbo codes illustrate a similar 
failure mechanism. In the case of a systematic, rate 1/3 turbo code with two identical 
constituent encoders, the all-one input produces an output space-time code word having two 
identical rows. 



2.2 New Space-Time Codes from Old 

Transformations of space-time codes will now be discussed. 

Theorem 16 Let C be an Lxm space-time code satisfying the binary rank criterion. Given 
the linear vector-space transformation T : F m — * ¥ n , a new L x n space-time code T(C) is 
constructed consisting of all code word matrices 



T(c) = 



T(c L ) 



where c = [ ci c 2 ... cj, ] 6 C. Then, ifT is nonsingular, T(C) satisfies the binary rank 
criterion and, for BPSK transmission, achieves full spatial diversity L. 

Proof : Let c,c' G C, and consider the difference T(c) © T(c') = T(Ac), where Ac = 
c © c' = [ Aci Ac2 • • • Acx, ] ^ 0. Suppose 

a x T(Aci) © a 2 r(Ac 2 ) © - * • © a L T(Ac L ) = 0. 

Then T(Ac) = 0 where Ac = a x Aci © a 2 Ac 2 © * • - © ai Acl. Since T is nonsingular, Ac = 0. 
But since C satisfies the binary rank criterion, a\ = a 2 = • • * = = 0. 
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Column transpositions applied uniformly to all code words in C, for example, do not affect 
the spatial diversity of the code. A more interesting interpretation of the theorem is provided 
by the concatenated coding scheme of Figure 4 in which T is a simple differential encoder or 
a traditional [n,m] error control code that serves as a common inner code for each spatial 
transmission. 

Given two full-diversity space-time codes that satisfy the binary rank criterion, they are 
combined into larger space-time codes that also achieve full spatial diversity. Let A be 
a linear L x tia space-time code, and let B be a linear Lxng space-time code, where 
L < min{nA,nB}. Their concatenation is the L x (tia + ne) space-time code C\ = | A\ B \ 
consisting of all code word matrices of the form c = | a | b |, where a € A y b e B. 

A better construction is the space-time code C 2 = | A \ A®B | consisting of the code word 
matrices c = | a | a© b |, where a € A^ b € B. (Zero padding is used to perform the addition 
if tia ^ nB.) Thus C 2 is an L x (ha + max{riA,nB}) space-time code. 

The following proposition illustrates the full spatial diversity of these codes. 

Theorem 17 The space-time codes C\ = | A \ B \ and C 2 = I A \ A © B \ satisfy the binary 
rank criterion if and only if the space-time codes A and B do. 

As an application of the theorem, codes built according to the stacking construction can also 
be tt de-stacked." 

Theorem 18 (De-stacking Construction) Let C be the Lxn space-time code of dimen- 
sion k consisting of the code word matrices 

' xMi ' 

xM 2 
c= . 
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where Mi,M2, . ,Mj, satisfy the stacking construction. Let £ = L/p be an integer divisor 

of L. Then the code Ct consisting of code word matrices 

' xiMi x 2 Mt+i • • - XpM^x)^! " 
xiM 2 ••• x p M( p -.i)* +2 

c = . . . . 

m x\Mi x 2 M 2 * x p Ml 
is an L/p x pn space-time code of dimension pk that achieves full diversity L/p. Setting 

Xi = x 2 = • • * = x p = x produces an L/p X pn space-time code of dimension k that achieves 

full diversity. 

More generally, the following construction is provided in accordance with the present inven- 
tion. 

Theorem 19 (Multi-stacking Construction) Let M = {Mi, Mb, . . . , Ml} be a set of 
binary matrices of dimension kxn, n > k, that satisfy the stacking construction constraints. 
For i = 1,2, ... ,m, let (Mi,*,M2,, . . . ,M«) be an t-tuple of distinct matrices from the set 

M. Then, the space-time code C consisting of the code words 

' xjMn X2M12 x m M im " 
x t M 2 i x 2 M 22 ••• x m M 2m 
. • • * 

m x x M n x 2 M t2 • ■ • x m M/ m m 

is an £ x mn space-time code of dimension mk that achieves full spatial diversity £. Setting 

x\ = x 2 = • • • = x m = x produces an £ x mn space-time code of dimension k that achieves 

full spatial diversity. 

These modifications of an existing space-time code implicitly assume that the channel 
remains quasi-static over the potentially longer duration of the new, modified code words. 
Even when this implicit assumption is not true and the channel becomes more rapidly time- 
varying, however, these constructions are still of interest. In this case, the additional coding 
structure is useful for exploiting the temporal as well as spatial diversity available in the 
channel. Section 5 discusses this aspect of the invention. 
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2.3 Space-Time Formatting of Binary Codes 

Whether existing "time-only" binary error-correcting codes C can be formatted in a man- 
ner so as to produce a full-diversity space-time code C is now discussed. It turns out that 
the maximum achievable spatial diversity of a code is not only limited by the code's least 
weight code words but also by its maximal weight code words. 

Theorem 20 Let C be a linear binary code of length n whose Hamming weight spectrum 
has minimum nonzero value dmm and maximum value dmax- Then, there is no BPSK trans- 
mission format for which the corresponding space-time code C achieves spatial diversity 
L > minjcfmi^n — d max + 1}. 

Proof : Let c be a code word of Hamming weight d = wt c. Then, in the baseband difference 
matrix (— l) c — (— 1)°, between c and the all-zero code word 0, the value —2 appears d times 
and the value 0 appears n — d times. Thus, the rank can be no more than cf, since each 
independent row must have a nonzero entry, and can be no more than n — d + 1 since there 
must not be two identical rows containing only —2 entries. Therefore, the space-time code 
achieves spatial diversity at most 

L < min{wt c,n — wtc + 1} = min{(i m i n ,n — ^ + 1}. 

This provides a general negative result useful in ruling out many classes of binary codes 
from consideration as space-time codes. 

Corollary 21 If C is a linear binary code containing the all-1 code word, then there is no 
BPSK transmission format for which the corresponding space-time code C achieves spatial 
diversity L > 1. Hence, the following binary codes admit no BPSK transmission format in 
which the corresponding space-time code achieves spatial diversity L > 1; 
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• Repetition codes 

• Reed-Muller codes 

• Cyclic codes. 

As noted in the discussion of the stacking construction, it is possible to achieve full spatial 
diversity using repetition codes in a delay diversity transmission scheme. This does not 
contradict the corollary, however, since the underlying binaxy code in such a scheme is not 
strictly speaking a repetition code but a repetition code extended with extra zeros. 

2.4 Exemplary Special Cases 

In this section, special cases of the general theory for two and three antenna systems are 
considered exploring alternative space-time transmission formats and their connections to 
different partitionings of the generator matrix of the underlying binary code. 

L = 2 Diversity. 

Let G = [ I P ] be a left-systematic generator matrix for a [2k, k] binary code C, where 
I is the k x k identity matrix. Each code word row vector c = ( a/ ap ) has first half a/ 
consisting of all the information bits and second half ap consisting of all the parity bits, 
where 

a P — a/P. 

Let C be the space-time code derived from C in which the information bits are transmitted on 
the first antenna and the parity bits are transmitted simultaneously on the second antenna. 
The space-time code word matrix corresponding to c = ( 5/ ap ) is given by 

c = 

The following proposition follows immediately from the stacking construction' theorem. 
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Proposition 22 // the binary matrices P and I©P ore of full rank over F, then the space- 
time code C achieves full L = 2 spatial diversity. 

As a nontrivial example of a new space-time block code achieving L = 2 spatial diversity, it 
is noted that both 



P = 



10 11 
0 111 



1 
0 



11111 

1 0 0 0 1 



1 1 
1 1 



1 

0 

0 1 1 



0 111.0010 



1 1 1 

1 1 0 



11110 0 



0 10 1 



1110 0 



1 0 
0 

1 



1 1 

1 0 



1 

0 1110 1 
10 10 11 



110 0 0 

0 10 0 10 10 111 
0 10 10 111110 
.0 1101101100 

and I © P are nonsingular over F. Hence, the stacking construction produces a space-time 

code C achieving full L = 2 spatial diversity. The underlying binary code C, with generator 

matrix G = [I | P ], is an expurgated and punctured version of the Golay code Q23. This is 

the first example of a space-time block code that achieves the highest possible bandwidth 

efficiency and provides coding gain as well as full spatial diversity. 

The following proposition shows how to derive other L = 2 space-time codes from a given 

one. 



Proposition 23 If the binary matrix P satisfies the conditions of the above theorem, so do 
the binary matrices P 2 , P T , and UPU -1 , where U is any change of basis matrix. 



The (a\a + b) constructions are now reconsidered for the special case L = 2. Let A 
and B be systematic binary [2k, k] codes with minimum Hamming distances d^ and d& and 
generator matrices Ga = f I Pa ] and Gb = f I Pb ] , respectively. From the stacking 
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construction, the corresponding space-time codes A and B have code word matrices 



a/P A 



6/Pb 



The | a | a © 6 1 construction produces a binary [4fc, 2k] code C with minimum Hamming 
distance do = min{2<f A ,d B }- A nonsystematic generator matrix for C is given by 



G c = 



Ga Ga 




0 G B 





I Pa I Pa 
0 0 1 Pb 



Applying the stacking construction using the left and right halves of Gq gives the space-time 
code C = | A | A © B \ of Theorem 22, in which the code word matrices are of non-systematic 
form: 



cc = 



a/ a/ © b[ 
a/P A 5/Pa©6/Pb 



A systematic version is now derived in accordance with the present invention. 

Proposition 24 Let A and B be 2 x k space-time codes satisfying the binary rank criterion. 
Let C 8 be the 2 X 2k space-time code consisting of the code word matrices 



c = 



ai bj 
a/P A a 7 P A © (5/ © 6/)P B 



Then C B also satisfies the binary rank criterion and achieves full L = 2 spatial diversity. 

Proof : Applying Gaussian elimination to Gc and reordering columns produces the 
systematic generator matrix 

Gc = [ l2Jbx2Jt Pc ] , 

where 



Pc = 



Pa Pa©Pb 
0 P B 
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Note that Pc is nonsingular since Pa and Pb are both nonsingular. Likewise, 

l2*x2Jt © Pc = 

is nonsingular since I© Pa and I© Pb are. The rest follows from the stacking construction. 



I©Pa Pa©Pb 
0 IffiP B 



An alternate transmission format for 2 x fc space-time codes is now considered. Let C be 
a linear, left-systematic [2A;, k] code with generator matrix 



G = 



I 0 A n Aw 
0 I A21 A22 



where the submatrices I, 0, and A^- axe of dimension k/2 x fc/2. In the new transmission 
format, the information vector is divided into two parts xi and x 2 which are transmitted 
across different antennas. Thus, the corresponding space-time code C consists of code word 
matrices of the form 



c = 



Xi pi 
X 2 p2 



where pi = xiAn © £ 2 A 2 i and p 2 = ^i A i2 © X2A22. 

For such codes, the following theorem gives sufficient conditions on the binary connection 
matrices to ensure full spatial diversity of the space-time code. 

Proposition 25 Let Ai 2 , A 2 i, and A = ]Ci =1 (A t *i © A^) be non-singular matrices over F. 
Then the space-time code C achieves full L = 2 spatial diversity. 

Proof : The conditions follow immediately from the stacking construction theorem ap- 
plied to the matrices 



Mi = 



I A n 
0 A 21 



M 2 = 



0 A w 

1 A22 
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since the sum M = Mi © M 2 may be reduced to the form 

M = 



I A n ©Ai2 
0 A 



by Gaussian elimination. 



The conditions of the proposition are not difficult to satisfy. For example, consider the 
linear 2x4 space-time code C whose code words 



c = 



^11 212 Pll Pl2 
X 2 \ X 2 2 P21 ?22 



are governed by the parity check equations 

Pll = ^12 © ^21 © ^22 

Pl2 = ^12 © £22 

P21 = ^11 © ^21 

P22 = ^11 © ^12 © ^21. 

The underlying binary code C has a generator matrix with submatrices 



A 2 i = 



0 0 

1 1 

1 0 

1 1 



A x2 = 



A 2 2 = 



1 1 

0 1 

1 1 
0 0 



which meet the requirements of the proposition. Hence, C achieves 2-level spatial diversity. 
L = 3 Diversity. 

Similar derivations for L = 3 antennas are straightforward. The following example is 
interesting in that it provides maximum possible bandwidth efficiency (rate 1 transmission) 
while attaining full spatial diversity for BPSK or QPSK modulation. The space-time block 
codes derived from complex generalized orthogonal designs for L > 2, on the other hand, 
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achieve full diversity only at a loss in bandwidth efficiency. The problem of finding general- 
ized orthogonal designs of rates greater than 3/4 for L > 2 is a difficult problem. Further, 
rate 1 space-time block codes of short length can not be designed by using the general 
method of delay diversity. By contrast, the following rate 1 space- time block code for L = 3 
is derived by hand. 

Let C consist of the code word matrices 



c = 



xMi 
xM 2 
xM 3 



where 





" 1 


0 


0 ' 




" 0 


0 


1 ■ 




" 0 


1 


0 " 




0 


1 


0 


M 2 = 


1 


0 


1 


M 3 = 


0 


1 


1 




0 


0 


1 




0 


1 


0 




1 


0 


1 



It is easily verified that Mi, M 2l M3 satisfy the stacking construction constraints. Thus, 
C is a 3 x 3 space-time code achieving full spatial diversity (for QPSK as well as BPSK 
transmission). Since C admits a simple maximum likelihood decoder (code dimension is 
three), it can be used as a 3-diversity space-time applique for BPSK- or QPSK-modulated 
systems similar to the 2-diversity orthogonal design scheme. 

Similar examples for arbitrary L > 3 can also be easily derived. For example, matrix 
Mi can be interpreted as the unit element in the Galois field GF(2 3 )] M 2 as the primitive 
element in GF(2 3 ) satisfying a 3 = 1 +a; and M 3 as its square a 2 . Since l,a, a 2 are linearly 
independent over F, the BPSK stacking construction of the current invention is satisfied. Any 
set of linearly independent elements from GF(2 3 ) can be similarly expressed as a set of 3 x 3 
matrices satisfying the BPSK stacking construction and hence would provide other examples 
of L = 3 full spatial diversity space-time block codes in accordance with the teachings of the 
present invention. This construction method extends to an arbitrary number L of transmit 
antennas by selecting a set of L linearly independent elements in GF(2 L ). 
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3 Theory of QPSK Space-Time Codes 

Due to the binary rank criterion developed for QPSK codes, the rich theory developed in 
section 2 for BPSK-modulated space-time codes largely carries over to QPSK modulation. 
Space-time codes for BPSK modulation are of fundamental importance in the theory of 
space-time codes for QPSK modulation. 

3.1 Z4 Stacking Constructions 

The binary indicant projections allow the fundamental stacking construction for BPSK- 
modulated space-time codes to be "lifted 7 * to the domain of QPSK-modulated space-time 
codes. 

Theorem 26 Let Mi, M2, * . . , Ml be %4-valued mxn matrices of standard row type l £ 2 m ~ l 
having the property that 

Vai,a2, ...,a£, G F; 

aiH(Mi) © a 2 H(M 2 ) © • * • © a^^M/,) is nonsingular 
unless ai = a 2 = - • ■ = aj, = 0. 

Let C be the L xn space-time code of size M = 2* +m consisting of all matrices 

(x y)Mi " 
(5 y)M 2 

(x y)M L m 

where (x y) denotes an arbitrary indexing vector of information symbols i 6 Zj and y € 
pm-t Then, for QPSK transmission, C satisfies the QPSK binary rank criterion and 
achieves full spatial diversity L. 

Proof : Suppose that for some x 0 , 2/0, not both zero, the code word c(x 0 , yo) has E-projection 
not of full rank over F. It must be shown that the matrices M» do not have the stated 
nonsingularity property. 
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Case (i): P{x 0 ) + 0. 

If there are rows of c that are multiples of two, the failure of the M t - to satisfy the 
nonsingularity property is easily seen. In this case, there is some row I of c for which 

0 = fi ((x 0 yo)M t ) = (j0(x o ) O)E(Mi). 

Hence, E(M*) is singular, establishing the desired result. 

Therefore, c is assumed to have no rows that are multiples of two, so that H(c) = fi(c). 
Then there exist a u a 2 , . . . , cll 6 F, not all zero, such that 

0 = oi/9(xoMi)©«aj9(«oMa)e"-©aLj9(aoML) 
= P{xo) (aiH(Mj) © a 2 H(M 2 ) © • • • © a L E{M L )) . 

Since £(£ 0 ) ^ 0, aiE(Mi) © a 2 S(M 2 ) © • • • © a L E{M L ) is singular, as was to be shown. 
Case (ii): 0(x o ) = 0. 

In this case, all of the rows of c are multiples of two. Letting 

" [2x' 0 y 0 )M x ' 

{lx' Q y 0 )M 2 
c = . , 

. {2x' 0 yo)M L . 

where x' 0 6 F', then 

\ (x' 0 y 0 )E(M 1 )] 

(4 y 0 )H(M 2 ) 
-(c) = . 

. (x' 0 y 0 )E(M L ) . 

By hypothesis, there exist a x , a 2 , . . . , <xl G F, not all zero, such that 

ai ■ (x' 0 j/ 0 )H(Mi) © a 2 • (x' 0 j/o)E(M 2 ) © • • • © a L • {x' 0 y 0 )E(M L ) = 0. 
Then OiE(Mi) © a 2 S(M 2 ) © • • • © az,E(Mz,) is singular as was to be shown. 
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In summary, the stacking of Z^valued matrices produces a QPSK-modulated space-time 
code achieving full spatial diversity if the stacking of their E-projections produces a BPSK- 
modulated space-time code achieving full diversity. Thus, the binary constructions lift in a 
natural way. Analogs of the transmit delay diversity construction, rate 1/L convolutional 
code construction, | A \ A © B | construction, and multi-stacking construction all follow as 
immediate consequences of the QPSK stacking construction and the corresponding results 
for BPSK-modulated space-time codes. 

Theorem 27 Let C be the T^-valued, Ix(n + L-1) space-time code produced by applying 
the stacking construction to the matrices 

Mi=[G Ofcx^i) ],M 2 = [ Ofcxi 6 0 fcx(L -2) M L = [Ojb X(W ) g], 

where 0» X j denotes the all-zero matrix consisting of i rows and j columns and G is the 
generator matrix of a linear TL^-valued code of length ra. If E(G) is of full rank over F, then 
the QPSK-modulated code C achieves full spatial diversity L. 

Theorem 28 The natural space-time code C associated with the rate 1/L convolutional code 
C over Z 4 achieves full spatial diversity L for QPSK transmission if the transfer function 
matrix G(D) of C has ^-projection of full rank L as a matrix of coefficients over F. 

Theorem 29 The Unvalued space-time codes Ci - \ A \ B \ and C 2 = | A \ A® B \ satisfy the 
QPSK binary rank criterion if and only if the ^-valued space-time codes A and B do. 

Theorem 30 Let C be the L x n space-time code of size M = 2 u+m consisting of the code 
word matrices 

" (x y)M x ' 
(x y)M 2 

m (x y)M L . 
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where x € ZJ, y € ¥ m ~ u , and the Z A -vahed M U M 2 , . - . ,M L of standard row type l u 2 m " u 
saJts/y ffce stacking construction constraints for QPSK-modulated codes. Fori = 1,2, . .-. ,m, 
let (Mii,M 2 <,...,M«) be an l-tuple of distinct matrices from the set {Mi,M 2 ,...,Ml}. 

Then, the space-time code Ct, m consisting of the code words 

{xi yi)M n (x 2 y 2 )Mi2 ••• (x m y m )Mi m 
(xi yi)M 2 i (i 2 y 2 )M 22 ••• (x m y m )M 2m 

* • • • 

. (*i yi)M fl (x 2 j/ 2 )M^ 2 (im !/m)M/ m 

is an Ixmn space-time code of size M m that achieves full diversity L Setting (x x y t ) = 
(x 2 y 2 ) =.■ • • = (z m y m ) = (x y) produces anixmn space-time code of size M that achieves 
full diversity. 

As a consequence of these results, for example, the binary connection polynomials of Table 
I can be used as one aspect of the current invention to generate linear, Z 4 - valued, rate l/L 
convolutional codes whose natural space-time formatting achieves full spatial diversity L. 
More generally, any set of Z 4 -valued connection polynomials whose modulo 2 projections 
appear in the table can be used. 

The transformation theorem also extends to QPSK-modulated space-time codes in a 
straightforward manner. 

Theorem 31 Let C be a Unvalued, Lxm space-time code satisfying the QPSK binary rank 
criterion with respect to Z-indicants, and let Mbeanmxn Z 4 -valued matrix whose binary 
projection /?(M) is nonsingular over F. Consider theLxn space-time code M(C) consisting 
of all code word matrices 

ciM " 



M(c) = 



c 2 M 



clM . 



where c = [ c x c 2 ... c L ] T € C. Then, M(C) satisfies the QPSK binary rank criterion 
and thus, for QPSK transmission, achieves full spatial diversity L. 
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Proof: Let c, c' be distinct code words in C, and let Ac = c 9 4 C. Without loss of 
generality, Ac is assumed to be of standard row type 1<2^<. Since /?(M) is nonsingular, we 

have mm) = o if and onl y if fl*) = °- Hence> M(Ac) is also of standard row type 

1'2 L "'. It is to be shown that 5(M(Ac)) is of rank L. 
Note that 

0(A3)j8(M) 



• (M(Ac)) = 



/?(Aci)/J(M) 
/?(M +1 )/?(M) 



j9(Acfe)0(M) 

where Ac, = 2Ac( for i > I. Suppose there are coefficients <u, a 2 , • • • , a L € F such that 

0 = a a • j8(Aci)0(M) © • • • © a/ • P{ Aq)/?(M) 

©a m • j9(A^ +1 )/9(M) © • • • © a L • /3(A4)0(M) 
= [a^CAca) © • • • © a^(Act) © a^Ac^) © - • • © a L /?(Aci,)]/?(M). 

Then, since )9(M) is nonsingular, 

dflAc,) © • • • © o^(Aq) © a /+ i^(Ac^ +1 ) © • • • © a L fi(Ac' L ) = 0. 

But, by hypothesis, H(Ac) is of full rank. Hence, a t = a 2 = • • • = a L = 0, and therefore 
E(M(Ac)) is also of full rank L as required. 

As in the binary case, the transformation theorem implies that certain concatenated 
coding schemes preserve the full spatial diversity of a space-time code. Finally, the results 
in Section 2.4 regarding the special cases of L = 2 and 3 for BPSK codes also lift to full 
diversity space-time codes for QPSK modulation. 



3.2 Dyadic Construction 



46 



PCT/US99/218S0 

WO 00/18056 



Two BPSK space-time codes can be directly combined as in a dyadic expansion to produce 
a Z 4 -valued space-time code for QPSK modulation. If the component codes satisfy the BPSK 
binary rank criterion, the composite code will satisfy the QPSK binary rank criterion. Such 
codes are also of interest because they admit low complexity multistage decoders based on 
the underlying binary codes. 

Theorem 32 Let A and B be binary Lxn space-time codes satisfying the BPSK binary 
rank criterion. Then the 1^-valued space-time code C = A + 2B is an Lxn space-time code 
that satisfies the QPSK binary rank criterion and thus, for QPSK modulation, achieves full 
spatial diversity L. 

Proof : Let Zl = a x + 2b x and z 2 = a 2 + 2b 2 be code words in C, with ai ,a 2 € A and 

bi, G B. Then the Z 4 difference between the two code words is 

Az = Aa + 2Va + 2Ab, 
where Aa = &1 © a 2 , Ab = b a © b 2 , and Va = (1 © &1 ) 0 a 2 . In the latter expression, 
1 denotes the all-one matrix and 0 denotes componentwise multiplication. The modulo 2 
projection is j8(Az) = Aa, which is nonsingular and equal to E(Az) unless Aa = 0. In the 
latter case, Va = 0, so that Az = 2Ab. Then E(Az) = Ab, which is nonsingular unless 
Ab = 0. 



3.3 Mapping Codes to Space-Time Codes 

Let C be a linear code of length n over Z 4 . For any code word c, let Wi(c) denote 
the number of times the symbol i € Z 4 appears in c. Furthermore, let Wi (C) denote the 
maximum number of times the symbol • € Z 4 appears in any non-zero code word of C. 

The following theorem is a straightforward generalization of the (d„un, 4iax) upper bound 
on achievable spatial diversity for BPSK-modulated codes. 
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Theorem 33 Let C be a linear code of length n over Z 4 . Then, for any QPSK transmission 
format, the corresponding space-time code C achieves spatial diversity at most 

L < min {n - w 0 {C), n - max{u>i(C), w 2 {C),w.x{C)} + 1} . 
Proof: The same argument applies as in the BPSK case. 

It is also worth pointing out that the spatial diversity achievable by a space-time code 
C is at most the spatial diversity achievable by any of its subcodes. For a linear Z 4 -valued 
code C, the code 2C is a subcode whose minimum and maximum Hamming weights among 
non-zero code words. are given by 

d^JpC) = mm{ti>i(c) + u>_i(c)}, 
<Ux(2C) = mwc{u)i(c) + ^-i(£)}. 

Thus, the following result is produced. 

Proposition 34 Let C be a linear code of length n over Z 4 . Then, for any QPSK trans- 
mission format, the corresponding space-time code C achieves spatial diversity at most 

L < min 



4 Analysis of Existing Space-Time Codes 

4.1 TSC Space-Time Trellis Codes 

Investigation of the baseband rank and product distance criteria for a variety of channel 
conditions is known, as well as a small number of handcrafted codes for low levels of spatial 
diversity to illustrate the utility of space-time coding ideas. This investigation, however, has 
not presented any general space-time code designs or design rules of wide applicability. 
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For L = 2 transmit antennas, four handcrafted Z 4 space-time trellis codes, containing 4, 
8, 16, and 32 states respectively, are known which achieve full spatial diversity. The 4-state 
code satisfies simple known design rules regarding diverging and merging trellis branches, and 
therefore is of full rank, but other codes do not. These other codes require a more involved 
analysis exploiting geometric uniformity in order to confirm that full spatial diversity is 
achieved. The binary rank criterion for QPSK-modulated space-time codes of the present 
invention, however, allows this determination to be done in a straightforward manner. In 
fact, the binary analysis shows that all of the handcrafted codes employ a simple common 
device to ensure that full spatial diversity is achieved. 

Convolutional encoder block diagrams for Z 4 codes of are shown in Figure 5. The 4-state 
and 8-state codes are both linear over Z 4 , with transfer function matrices G 4 (D) = [ D 1 ] 

and G S (D) = [ D + 2D 2 1 +2D 2 ], respectively. By inspection, both satisfy the QPSK 

binary rank criterion of the present invention and therefore achieve 1 = 2 spatial diversity. 
The 16-state and 32-state codes are nonlinear over Z 4 . In this case, the binary rank 

criterion of the present invention is applied to all differences between code words. For the 

16-state code, the code word matrices are of the following form: 

\z l (D)] \D + 2D 2 0 If z{D) 1 
C= [x 2 (D) J = [ 1 + 20 2D 2 J [ a{z{D)) J * 

For the 32-state code, the code words are given by 

£ + 2D 2 + 2D 3 3D 2 "I f z{D) ] 
1 + D + 2D 3 W 2 \[a(z(D))\' 

Due to the initial delay structure (enclosed by dashed box in Fig. 5) that is common to all 
four code designs, the first unit input z t = ±l-or first nonzero input z t = 2 if z{D) consists 
only of multiples of 2— results in two consecutive columns that are multiples of [ 0 1 ] and 
[ 1 x ] T , where x € Z 4 is arbitrary. The only exception occurs in the case of the 32-state 
code when the first ±1 is immediately preceded by a 2. In this case, the last nonzero entry 
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results in a column that is a multiple of [ 1 ±1 ] T . Hence, the ^-projection of the code 
word differences is always of full rank. By the QPSK binary rank criterion of the present 
invention, all four codes achieve full 1 = 2 spatial diversity. 

For L = 4 transmit antennas, the full-diversity space-time code corresponding to the 
linear Z 4 -valued convolutional code with transfer function G(D) = [ 1 D D 2 D 3 ] is 
known as a simple form of repetition delay diversity. As noted in Theorem 13, this design 
readily generalizes to spatial diversity levels L > 4 in accordance with the general design 
criteria of the present invention. The stacking and related constructions discussed above, 
however, provide more general full-diversity space-time codes for L > 2. 

4.2 GFK Space-Time Trellis Codes 

For all L > 2, it is known that trellis-coded delay diversity schemes achieve full spatial 
diversity with the fewest possible number of trellis states. As a generalization of the TSC 
simple design rules for L = 2 diversity, the concept of zeroes symmetry to guarantee full 
spatial diversity for L > 2 is known. 

A computer search has been undertaken to identify space-time trellis codes of full diversity 
and good coding advantage. A table of best known codes for BPSK modulation is available 
which covers the cases of L = 2, 3, and 5 antennas. For QPSK codes, the table covers only 
1 = 2. The 4-state and 8-state QPSK codes provide 1.5 dB and 0.62 dB additional coding 
advantage, respectively, compared to the corresponding TSC trellis codes. 

All of the BPSK codes satisfy the zeroes symmetry criterion. Since zeroes symmetry 
for BPSK codes is a very special case of satisfying the binary rank criterion of the present 
invention, all of the BPSK codes are special cases of the more general stacking construction 
of the present invention. 

The known QPSK space-time codes are different. Some of the QPSK codes satisfy the 
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zeroes symmetry criterion; some do not. Except for the trivial delay diversity code (con- 
straint length v = 2 with zeroes symmetry), all of them are nonlinear codes over Z 4 that do 
not fall under any of our general constructions. 

The QPSK code of constraint length u = 2 without zeroes symmetry consists of the code 
words c satisfying 



c(D) T = (a(D) b(D)) 



1 2D 
2D 1 + 2D 



where a(D) and 6(D) are binary information sequences and for simplicity + is used instead 
of ffi 4 to denote modulo 4 addition. The Z 4 -difference between two code words C! and c 2 , 
corresponding to input sequences (ai(D) 61(D) ) and (a 2 (D) 62(D) ), is given by 



Ac = 



Aa(D) + 2Va(D) + 2DA6(D) 1 
2D Aa(D) + A6(D) + 2V6(D) + 2D A6(D) J ' 



where Aa(D) = a^QoiiD), Va(D) = (l©a 1 (D))0a 2 (D), and so forth. Here © denotes 
componentwise multiplication (coefficient by coefficient). 

Note that the Z 4 -difference Ac is not a function of the binary differences Ao(D) and 
A6(D) alone but depends on the individual input sequences o(D) and 6(D) through the 
terms Va(D) and V6(D). If Aa(D) = a 0 + a x D + a 2 D 2 + • • • + a N D N ', (a,- G F), then 

Aa(D) + 2Va(D) = ±a 0 ± a,D ± a 2 D 2 ± • • ■ ± a N D N , 

for some suitable choice of sign at each coefficient. 

Projecting the code word difference Ac modulo 2 gives 



j?(Ac) = 



Aa(D) 
A6(D) 



which is nonsingular unless either (t) Aa(D) = 0, A6(D) # 0; (ii) A6(D) = 0, Aa(D) ^ 0; 
or (tit) Aa(D) = A6(D) ^ 0. For case (i), one finds that 



E(Ac) = A6(D) 



D 
1 
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which is nonsingular. For case (it), 

E(Ac) = Aa(£) 
which is also nonsingular. Finally, in case (m), 



1 

D 



Ac = 



&a{D) + 2Va(D) + 2DAa{D) 
Ao(D) + 2Va(£>) 



(11) 



Thus, the f-th column of Ac is given by 

Aa 



it + 2Va t + 2Aa t _i 1 
Aa f + 2Va t J 



Consider the first k for which Aa fc = 1 and Aa fc+1 = 0 (guaranteed to exist since the trellis 
is terminated). Then the fc-th and (fc + l)-th columns of Ac are h k = [ ±1 ±1 ] T and 
h k +i = [ 2 0 ] T , respectively. Thus, (Ac) is nonsingular, and the QPSK binary rank 
criterion is satisfied. Note that it is the extra delay term in the upper expression of equation 
(11) that serves to guarantee full spatial diversity. 

The QPSK code of constraint length v = 3 with zeroes symmetry consists of the code 

words c satisfying 



c(P) T = (a(D) 5(D)) 



1+3D D + D 2 
2 2D 



For this code, the binary rank analysis is even simpler. The projection modulo 2 of the Z4 
difference Ac between two code words is given by 



102? 
D®D 2 



/?(Ac(I>)) = Aa(D) 
which is nonsingular unless Aa(D) = 0 and A6(I>) ^ 0. In the latter case, 

Ac = A6(D)[ 2 2 p ], 
whose S- and ^-indicants are nonsingular. 
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The QPSK code of constraint length v = 3 without zeroes symmetry, consisting of the 
code words 



c{Df = (a(D) 5(D)) 



1 + 2D 2 D + 2D 2 
1 + 2D 2 



does not satisfy the QPSK binary rank criterion. When Aa(D) = 0 but Ab{D) ^ 0, the 
code word difference is 



Ac = 



Ab{D) + 2Vb{D) + 2DAb(D) 
2Ab(D) 



for which £(Ac) and \P(Ac) are both singular. The latter can be easily discerned from the 
fact that the second row of Ac is two times the first row. 



4.3 BBH Space-Time Trellis Codes 

Another computer search is known for L = 2 QPSK trellis codes with 4, 8, and 16 states 
which is similar to the one discussed above. The results of the two computer searches agree 
regarding the optimal product distances; but, interestingly, the codes found by each have 
different generators. This indicates that, at least for L — 2 spatial diversity, there is a 
multiplicity of optimal codes. 

All of the BBH codes axe non-linear over Z 4 . The 4-state and 16-state codes consist of 
the following code word matrices: 

c(D) T = (a(D)b(D)) 



4-state: 



2 + D -D 
2 2 + D 



1+2D 2 + D + 2D 2 
2 + 2D 2 2D 



16-state: c(D) T = (a(D) b{D)) 

The analysis showing that these two codes satisfy the QPSK binary rank criterion is straight- 
forward and similar to that given for the GFK codes. 

The 8-state BBH code consists of the code word matrices 

c(Df = (a(t)b(t))\ 2 + 2 g +w2 
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which expression can be rearranged to give 



c(D) = a(D) 



D 
1 



+ 2b(D) 



1 + D + D 2 
1+D 2 



Whereas the GFK 8-state code does not satisfy the QPSK binary rank criterion, the BBH 
8-state code does and is in fact an example of our dyadic construction C = A + 2B. By 
inspection, the two binary component space-time codes A and B, with transfer functions 



G A (D) = 



D 
1 



G 8 {D) = 



i e d © d 2 * 

1©D 2 



respectively, both satisfy the BPSK binary rank criterion. 

These results show that the class of space-time codes satisfying the binary rank criteria 
is indeed rich and includes, for every case searched thus far, optimal codes with respect to 
coding advantage. 



4.4 Space-Time Block Codes from Orthogonal Designs 

Known orthogonal designs can give rise to nonlinear space- time codes of very short block 
length provided the PSK modulation format is chosen so that the constellation is closed 
under complex conjugation. 

Consider the known design in which the modulated code words are of the form 

X\ %2 

where x u x 2 are BPSK constellation points. Assuming the on-axis BPSK constellation, the 
corresponding space-time block code C consists of all binary matrices of the form 



c = 



a b 
b 1 ©a 



This simple code provides L = 2 diversity gain but no coding gain. The difference between 
two modulated code words has determinant 



det 



_ (_i)«a - (-i)ta 



= - (i(-ir - (-!n 2 + \irVh - (- 1 ) 62 ] 2 ) > 
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which is zero if and only if the two code words are identical (a x = a 2 and 61 = 62)- On the 
other hand, the corresponding binary difference of the unmodulated code words is given by 



a\ © a 2 61 © b 2 
h © 6 2 ai © <*2 



But, if ai © a 2 = 61 © &2 = 1, for example, the difference is 



1 1 
1 1 



a matrix that is singular over F. Hence, C achieves full spatial diversity but does not satisfy 
the BPSK binary rank criterion. 



5 Extensions to Non-Quasi-Static Fading Channels 

For the fast fading channel, the baseband model differs from equation (1) discussed in the 
background in that the complex path gains now vary independently from symbol to symbol: 

yi^^ijmVEs + ni. (12) 
1=1 

Let code word c be transmitted. In this case, the pairwise error probability that the decoder 
will prefer the alternate code word e to c can be upper bounded by 

P(c " e|W "" - L(itl/«)-/R)wJ ' 

-dL r 



- UnJ 



where c« is the <-th column of c, e t is the f-th column of e, d is the number of columns c< 
that are different from e t , and 

/*=(n \m)-mA . 

The diversity advantage is now dL r , and the coding advantage is 

Thus, the design criteria for space-time codes over fast fading channels are the following: 
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(1) Distance Criterion: Maximize the number of column differences d = | {t : Ct ^ e t } 
over all pairs of distinct code words c, e G C, and 

(2) Product Criterion: Maximize the coding advantage 

i/d 



W* / 



over all pairs of distinct code words c, e € C. 

Since real fading channels are neither quasi-static nor fast fading but something in between, 
designing space-timecodes based on a combination of the quasi-static and fast fading design 
criteria is useful. Space-time codes designed according to the hybrid criteria are hereafter 
referred to as "smart greedy codes," meaning that the codes seek to exploit both spatial and 
temporal diversity whenever available. 

A handcrafted example of a two-state smart-greedy space-time trellis code for L = 2 
antennas and BPSK modulation is known. This code is a special case of the multi-stacking 
construction of the present invention applied to the two binary rate 1 /2 convolutional codes 
having respective transfer function matrices 



G 1 {D) = 



1©D 
D 



G 2 (D) = 



1 

1©D 



The known M-TCM example can also be analyzed using the binary rank criteria. Other 
smart-greedy examples are based on traditional concatenated coding schemes with space- 
time trellis codes as inner codes. 

The general |.4|i?|, |.A|./4©#|, de-stacking, multi-stacking, and concatenated code 
constructions of the present invention provide a large class of space-time codes that are 
"smart-greedy." Furthermore, the common practice in wireless communications of interleav- 
ing within code words to randomize burst errors on such channels is a special case of the 
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transformation theorem. Specific examples of new, more sophisticated smart-greedy codes 
can be easily obtained, for example, by de-stacking or multi-stacking the space-time trellis 
codes of Table L These latter designs make possible the design of space-time overlays for 
existing wireless communication systems whose forward error correction schemes are based 
on standard convolutional codes. The extra diversity of the spatial overlay would then serve 
to augment the protection provided by the traditional temporal coding. 

6 Extensions to Higher Order Constellations 

Direct extension of the binary rank analysis in accordance with the present invention to 
general L x n space-'time codes over the alphabet ~S^2 r for 2 r -PSK modulation with r > 3 
is difficult. Special cases such as 8-PSK codes with L = 2, however, are tractable. Thus, 
known 8PSK-modulated space-time codes are covered by the binary rank criteria of the 
present invention. 

For general constellations, multi-level coding techniques can produce powerful space-time 
codes for high bit rate applications while admitting a simpler multi-level decoder. Multi- 
level PSK constructions are possible using methods of the present invention. Since at each 
level binary decisions are made, the binary rank criteria can be used in accordance with the 
present invention to design space-time codes that provide guaranteed levels of diversity at 
each bit decision. 

To summarize, general design criteria for PSK-modulated space-time codes have been 
developed in accordance with the present invention, based on the binary rank of the unmod- 
ulated code words, to ensure that full spatial diversity is achieved. For BPSK modulation, 
the binary rank criterion provides a complete characterization of space-time codes achieving 
full spatial diversity when no knowledge is available regarding the distribution of ± signs 
among the baseband differences. For QPSK modulation, the binary rank criterion is also 
broadly applicable. The binary design criteria significantly simplify the problem of designing 
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space-time codes to achieve full spatial diversity. Much of what is currently known about 
PSK-modulated space-time codes is covered by the design criteria of the pressent invention. 
Finally, several new construction methods of the present invention are provided that are 
general. Powerful exemplary codes for both quasi-static and time-varying fading channels 
have been identified based on the constructions of the current invention and the exemplary 
set of convolutional codes of Table I. 
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What is claimed is : 

1. A communication system comprising: a framer for segmenting transmit data blocks 
into fixed frame lengths for generating information symbols from a discrete alphabet of 
symbols; 

a plurality of antenna links; 

a channel encoder for encoding the generated information symbols with an error control 
code for producing code word symbols; 

a spatial formatter for parsing the produced code word symbols to allocate the symbols 
to a presentation order among said plurality of antenna links; and 

a phase shift keying modulator for mapping the parsed code word symbols onto con- 
stellation points from a discrete complex-valued signaling constellation according to binary 
projections to achieve spatial diversity. 

2. A communication system as recited in claim 1 comprising data terminal equipment 
(DTE) coupled to said framer for communicating digital cellular data blocks. 

3. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Code Division Multiple Access (CDMA) systems. 

4. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Time Division Multiple Access (TDMA) systems. 

5. A communication system as recited in claim 1 wherein said channel encoder comprises 
a mobile channel encoder producing the code word symbols having length of a multiple N of 
the number of said plurality of antenna links L. 

59 



WO 00/18056 



PCT/US99/21850 



6. A communication system as recited in claim 5 wherein said spatial formatter parses 
the length N of the produced code word symbols among L antennas. 

7. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein the combination of channel encoder and spatial formatter are chosen from 
the class of space-time codes satisfying a binary rank criteria. 

8. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein the combination of channel encoder and spatial formatter are provided 
with a stacking space-time code construction. 

9. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein binary phase shift keying (BPSK) modulation is used and the space-time 
code is based on formatting the output of convolutional channel encoder for presentation 
across the transmit antennas. 

10. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein a concatenated space-time code is used in which the outer code is used to 
satisfy a binary rank criteria and multiple inner codes are used to encode the transmitted 
information from the multiple transmit antennas. 

11. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein a concatenated space-time code is used in which the inner code is composed 
of a channel encoder and a spatial formatter designed to satisfy a binary rank criteria. 

12. A communication system as recited in claim 2 comprising a plurality of transmit 
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antennas, wherein the combination of channel encoder and spatial formatter are covered by 
a multi-stacking construction. 

13. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein quadrature phase shift keying (QPSK) modulation is used and the space- 
time code is covered by a stacking, multi-stacking, or de-stacking constructions for QPSK. 

14. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein QPSK modulation is used and the space-time code is based on formatting 
the output of a linear convolutional code over the ring of integers modulo 4 for presentation 
across the multiple transmit antennas. 

15. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein QPSK modulation is used and the space-time code employs a dyadic 
construction. 

16. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein multi-level coded modulation and multi-stage decoding are used and the 
binary space-time code employed in each level belongs to the class of codes that satisfy the 
binary rank criterion or any of the constructions. 

17. A communication system as recited in claim 2 comprising two transmit antennas 
wherein M-ary P5K modulation, M =8 or more, is used and the space-time code belongs to 
a class satisfying the binary rank criteria or any of the constructions. 

18. A communication system as recited in claim 2 comprising a plurality of transmit 
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antennas, wherein graphical space-time codes are designed such that the code generating 
matrix satisfies the stacking, multi-stacking, or de-stacking construction. 

19. A communications method comprising: 

generating information symbols for data block frames of fixed length; 

encoding the generated information symbols with an underlying error control code to 
produce the code word symbols; 

parsing the produced code word symbols to allocate the symbols in a presentation order 
to a plurality of antenna links; 

mapping the parsed code word symbols onto constellation points from a discrete complex- 
valued signaling constellation; 

transmitting the modulated symbols across a communication channel with the plurality 
of antenna links; 

providing a plurality of receive antennas at a receiver to collect incoming transmissions; 
and 

decoding received baseband signals with a space-time decoder, 

20. A method as recited in claim 19 wherein said encoding and parsing steps are performed 
with a space-time encoder having a channel encoder and a space-time formatter. 

21. A communications system comprising: 

means for generating information symbols for data block frames of fixed length; 

means for encoding the generated information symbols with an 5 underlying error control 
code to produce the code word symbols; 

means for parsing the produced code word symbols to allocate the symbols in a presen- 
tation order to a plurality of antenna links; 
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means for mapping the parsed code word symbols onto constellation points from a discrete 
complex- valued signaling constellation; 

means for transmitting the modulated symbols across a communication channel with the 
plurality of antenna links; 

means for providing a plurality of receive antennas at a receiver to collect incoming trans- 
missions; and 

means for decoding received base band signals with a space-time decoder. 

22. A communication system as recited in claim 21 wherein said encoding means comprises 
a mobile channel encoder producing the codeword symbols having length of a multiple N of 
the number of said plurality of antenna links L. 

23. A communication system as recited in claim 22 wherein said parsing means comprises 
a spatial formatter for parsing the length N of the produced code word symbols among L 
antennas. 

24. A communication system as recited in claim 21 wherein said encoding and parsing 
means comprise a space-time encoder having a channel encoder and a space-time formatter. 

25. A communication system as recited in claim 24 comprising receiving means for col- 
lecting incoming transmissions demodulated with a phase shift keying demodulator and a 
space-time decoder to demodulate the code word symbols. 
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METHOD AND CONSTRUCTIONS FOR SPACE-TIME CODES FOR 
PSK CONSTELLATIONS FOR SPATIAL DIVERSITY IN 
MULTIPLE-ELEMENT ANTENNA SYSTEMS 



This application claims priority to U.S. Provisional patent application Serial 
No. 60/101,029, filed September 18, 1998 for "Method and Constructions for Space- 
Time Codes for PSK Constellations", and U.S. Provisional patent application Serial 
No. 60/144,559, filed July 16, 1999 for "Method and Constructions for Space-Time 
Codes for PSK Constellations II", both of which were filed by A. Roger Hammons, Jr. 
and Hesham El Gamal. 

Field of the Invention : 

The invention relates generally to-PSK-modulated space-time codes and more 
specifically to using fundamental code constructions for quasi-static and time-varying 
channels to provide full spatial diversity for an arbitrary number of transmit antennas. 
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Background of the Invention : 

Recent advances in coding theory include space-time codes which provide diversity in 
multi-antenna systems over fading channels with channel coding across a small number 
of transmit antennas. For wireless communication systems, a number of challenges arise 
from the harsh RF propagation environment characterized by channel fading and co-channel 
interference (CCI). Channel fading can be attributed to diffuse and specular multipath, while 
CCI arises from reuse of radio resources. Interleaved coded modulation on the transmit side 
of the system and multiple antennas on the receive side are standard methods used in wireless 
communication systems to combat time-varying fading and to mitigate interference. Both 
are examples of diversity techniques. 

Simple transmit diversity schemes (in which, for example, a delayed replica of the trans- 
mitted signal is retransmitted through a second, spatially-independent antenna and the two 
signals are coherently combined at the receiver by a channel equalizer) have also been consid- 
ered within the wireless communications industry as a method to combat multipath fading. 
From a coding perspective, such transmit diversity schemes amount to repetition codes and 
encourage consideration of more sophisticated code designs. Information-theoretic studies 
have demonstrated that the capacity of multi-antenna systems significantly exceeds that of 
conventional single-antenna systems for fading channels. The challenge of designing channel 
codes for high capacity multi-antenna systems has led to the development of "space-time 
codes," in which coding is performed across the spatial dimension (e.g, antenna channels) 
as well as time. The existing body of work on space-time codes relates to trellis codes and 
a block coded modulation scheme based on orthogonal designs. Example code designs that 
achieve full diversity for systems with only a small number of antennas (1 = 2 and 3) are 
known for both structures, with only a relatively small number of space-time codes being 
known. Thus, a need exists for a methodology of generating and using code constructions 
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which allow systematic development of powerful space-time codes such as general construc- 
tions that provide full diversity in wireless systems with a large number of antennas. 

The main concepts of space- time coding for quasi-static, flat Rayleigh fading channels 
and the prior knowledge as to how to design them will now be discussed. For the purpose 
of discussion, a source generates k information symbols from the discrete alphabet X % which 
are encoded by the error control code C to produce code words of length N — nL t over 
the symbol alphabet y. The encoded symbols are parsed among L t transmit antennas and 
then mapped by the modulator into constellation points from the discrete complex-valued 
signaling constellation Ct for transmission across a channel. The modulated streams for all 
antennas are transmitted simultaneously. At the receiver, there are L r receive antennas to 
collect the incoming transmissions. The received baseband signals are subsequently decoded 
by the space-time decoder. Each spatial channel (the link between one transmit antenna and 
one receive antenna) is assumed to experience statistically independent flat Rayleigh fading. 
Receiver noise is assumed to be additive white Gaussian noise (AWGN). A space-time code 
consists as discussed herein perferably of an underlying error control code together with the 
spatial parsing format. 

Definition 1 An L x n space-time code C of size M consists of an (Ln,M) error control 
code C and a spatial parser a that maps each code word vector c £ C to an L x n matrix c 
whose entries are a rearrangement of those of c. The space-time code C is said to be linear 
if both C and a are linear. 

Except as noted to the contrary, a standard parser is assumed which maps 
c = (c{, Cj, . . . , cf 1 , cJ,C2, . . . , c£ l , . . . , c* , c£, . . . , c£') 6 C 
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to the matrix 



c 




In this notation, it is understood that cj is the code symbol assigned to transmit antenna t 
at time t. 

Let / : y — ► Cl be the modulator mapping function. Then s = /(c) is the baseband 
version of the code word as transmitted across the channel. For this system, the following 
baseband model of the received signal is presented: 

yi = ^a ijS \y/E a + ni, (1) 

1 = 1 

where y{ is the signal received at antenna j at time t\ a,j is the complex path gain from 
transmit antenna i to receive antenna j\ s\ = f{c\) is the transmitted constellation point 
corresponding to cj; and n\ is the AWGN noise sample for receive antenna j at time t. The 
noise samples are independent samples of a zero-mean complex Gaussian random variable 
with variance N Q /2 per dimension. The fading channel is quasi-static in the sense that, 
during the transmission of n code word symbols across any one of the links, the complex 
path gains do not change with time but are independent from one code word transmission 
to the next. In matrix notation, 

Y = \fEsADc + A', (2) 

where 

Y = [y\ y\ ••• vk y\ vl ■•■ y» •■• yf" y* T ••• vlr]* 

N = [n\ n\ ■■■ n* n\ n\ •■• n\ ■■■ n[' n\' ••• nf? } , 

A [ O n Q 2 i ••• ax,,j Qjj Q 2 2 ••• <*L,2 <*\L, «2t r "t.Lr ] ) 
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D c = 



/(c) 0 
0 /(c) 



0 
0 

0 

/(c) 



LrLtXLrTl 

Let code word c be transmitted. Then the pairwise error probability that the decoder 
prefers the alternate code word e to c is given by 

^(c-e|{a ti }) = P(\/<0|K}), 

where V = || ^(D c - D e ) + A' || 2 - || N || 2 is a Gaussian random variable with mean E{V} = 
|| A(D C - D e ) || 2 and variance Var{\'} = 2A' 0 E{V}. Thus, 



£ r xp {-4^ l|i(De - De »i 2 } 



(3) 
(4) 



For the quasi-static, flat Rayleigh fading channel, equation (4) can be manipulated to yield 
the fundamental bound: 



P(c-+e 



{aij]) " {uUA^ + WiNo)) 



- UNo) 



(5) 
(6) 



where r = rank(/(c) - /(e)) and 77 = (AiA 2 • • • A r ) , / r is the geometric mean of the nonzero 
eigenvalues of A = (/(c) - /(e))(/(c) - /(e)) H . 

This leads to the rank and equivalent product distance criteria for space-time codes. 

(1) Rank Criterion: Maximize the diversity advantage r = rank(/(c) - /(e)) over all pairs 
of distinct code words c, e e C; and 

(2) Product Distance Criterion: Maximize the coding advantage j/ = (AiA 2 ■ • • A r ) ! ^ r over 
all pairs of distinct code words c,e£C. 
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The rank criterion is the more important of the two criteria as it determines the asymptotic 
slope of the performance curve as a function of £ s /Ao. The product distance criterion is 
preferably of secondary importance and is ideally optimized after the diversity advantage is 
maximized. For anixn space-time code C, the maximum possible rank is L, Consequently, 
full spatial diversity is achieved if all baseband difference matrices corresponding to distinct 
code words in C have full rank L. 

Simple design rules for space-time trellis codes have been proposed for L = 2 spatial 
diversity as follows: 

Rule 1. Transitions departing from the same state differ only in the second symbol. 
Rule 2. Transitions merging at the same state differ only in the first symbol. 
When these rules are followed, the code word difference matrices are of the form 



/(c) - /(e) = 



x x 0 
0 - " " x 2 



with xi,x 2 nonzero complex numbers. Thus, every such difference matrix has full rank, and 
the space-time code achieves 2-level spatial diversity. Two good codes that satisfy these 
design rules, and a few others that do not, have been handcrafted using computer search 
methods. 

The concept of "zeroes symmetry" has been introduced as a generalization of the above- 
referenced design rules for higher levels of diversity L > 2. A space-time code has zeroes 
symmetry if every baseband code word difference /(c) — /(e) is upper and lower triangular 
(and has appropriate nonzero entries to ensure full rank). The zeroes symmetry property is 
sufficient for full rank but not necessary; nonetheless, it is useful in constraining computer 
searches for good space-time codes. 

Results of a computer search undertaken to identify full diversity space-time codes with 
best possible coding advantage have been presented. A small table of short constraint length 
space-time trellis codes that achieve full spatial diversity (L = 2, 3, and 5 for BPSK modula- 
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tion; L = 2 for QPSK modulation) is available. Difficulties, however, are encountered when 
evaluating diversity and coding advantages for general space-time trellis codes. As a general 
space-time code construction, delay diversity schemes are known to achieve full diversity for 
all L > 2 with the fewest possible number of states. 

A computer search similar to the above-referenced computer search has identified optimal 
L = 2 QPSK space-time trellis codes of short constraint length. The results agree with the 
previous results regarding the optimal product distances but the given codes have different 
generators, indicating that, at least for L = 2, there is a multiplicity of optimal codes. 

A simple transmitter diversity scheme for two antennas has been introduced whcih pro- 
vides 2-level diversity gain with modest decoder complexity. In this scheme, independent 
signalling constellation points xi, are transmitted simultaneously by different transmit an- 
tennas during a given symbol interval. On the next symbol interval, the conjugated signals 
—x\ and x\ are transmitted by the respective antennas. This scheme has the property that 
the two transmissions are orthogonal in both time and the spatial dimension. 

The Hurwitz-Radon theory of real and complex orthogonal designs are a known gen- 
eralization this scheme to multiple transmit antennas. Orthogonal designs, however, are 
not space-time codes as defined herein since, depending on the constellation, the complex 
conjugate operation that is essential to these designs may not have a discrete algebraic inter- 
pretation. The complex generalized designs for L = 3 and 4 antennas also involve division 
by y/2. 

To summarize, studies on the problem of signal design for transmit diversity systems 
have led to the development of the fundamental performance parameters for space-time 
codes over quasi-static fading channels such as: (1) diversity advantage, which describes the 
exponential decrease of decoded error rate versus signal-to-noise ratio (asymptotic slope of 
the performance curve on a log-log scale); and (2) coding advantage, which does not affect 
the asymptotic slope but results in a shift of the performance curve. These parameters are, 
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respectively, the minimum rank and minimum geometric mean of the nonzero eigenvalues 
among a set of complex-valued matrices associated with the differences between baseband 
modulated code words. A small number of interesting, handcrafted trellis codes for two 
antenna systems have been presented which provide maximum 2-level diversity advantage 
and good coding advantage. 

One of the fundamental difficulties of space-time codes, which has so far hindered the 
development of more general results, is the fact that the diversity and coding advantage 
design criteria apply to the complex domain of baseband modulated signals, rather than 
to the binary or discrete domain in which the underlying codes are traditionally designed. 
Thus, a need also exists for binary rank criteria for generating BPSK and QPSK-modulated 
space-time codes. 

Summary of the Invention : 

The present invention overcomes the disadvantages of known trellis codes generated via 
design rules having very simple structure. In accordance with the present invention, more 
sophisticated codes are provided using a method involving design rules selected in accordance 
with the preferred embodiment of the present invention. These codes are straightforward to 
design and provide better performance than the known codes. The present invention also 
provides a significant advance in the theory of space-time codes, as it provides a code design 
method involving a powerful set of design rules in the binary domain. Current design criteria 
are in the complex baseband domain, and the best code design rules to date are ad hoc with 
limited applicability. 

The present invention further provides a systematic method, other than the simple delay 
diversity, of designing space-time codes to achieve full diversity for arbitrary numbers of 
antennas. The performance of space-time codes designed in accordance with the methodology 
and construction of the present invention exceed that of other known designs. 

8 
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Briefly summarized, the present invention relates to the design of space- time codes to 
achieve full spatial diversity over fading channels. A general binary design criteria for phase 
shift keying or PSK-modulated space-time codes is presented. For linear binary PSK (BPSK) 
codes and quadrature PSK (QPSK) codes, the rank (i.e., binary projections) of the unmodu- 
lated code words, as binary matrices over the binary field, is a design criterion. Fundamental 
code constructions for both quasi-static and time- varying channels are provided in accordance 
with the present invention. 

A communication method in accordance with an embodiment of the present invention 
comprises the steps of generating information symbols for data block frames of fixed length, 
encoding the generated information symbols with an underlying error control code to produce 
the code word symbols, parsing the produced code word symbols to allocate the symbols in 
a presentation order to a plurality of antenna links, mapping the parsed code word symbols 
onto constellation points from a discrete complex-valued signaling constellation, transmitting 
the modulated symbols across a communication channel with the plurality of antenna links, 
providing a plurality of receive antennas at a receiver to collect incoming transmissions and 
decoding received baseband signals with a space-time decoder. 

Brief Description of the Drawings : 

The various aspects, advantages and novel features of the present invention will be more 
readily comprehended from the following detailed description when read in conjunction with 
the appended drawings in which: 

Fig. 1 is a block diagram of an exemplary digital cellular Direct Sequence Code Division 
Multiple Access (DS-CDMA) base-station-to-mobile-station (or forward) link; 

Fig. 2 is a block diagram of a system for a digital cellular system which implements space- 
time encoding and decoding in accordance with an embodiment of the present invention; 

Fig. 3. is a block diagram illustrating space-time encoding and decoding in accordance 
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with an embodiment of the present invention; 

Fig. 4 is a block diagram of a full-diversity space-time concatenated encoder constructed 
in accordance with an embodiment of the present invention; and 

Figs. 5a, 5b, 5c and 5d illustrate how known space-time codes for QPSK modulation 
over slow fading channels complies with general design rules selected in accordance with an 
embodiment of the present invention. 

Throughout the drawing figures, like reference numerals will be understood to refer to 
like parts and components. 

Detailed Description- of the Preferred Embodiments : 

Referring to Fig. 1, by way of an example, a conventional digital cellular Direct Sequence 
Code Division Multiple Access (DSCDMA) base-station-to-mobile-station (or forward) link 
10 is shown using a conventional convolutional encoder and Viterbi decoder. Fig. 1 also 
illustrates the mobile-station-to-base-station (or reverse) link. 

At the transmit end, the system 10 in Fig. 1 comprises a data segmentation and framing 
module 16 where user information bits are assembled into fixed length frames from transmit 
data blocks 12. The N bits per frame are input to the base station's convolutional encoder 18 
of rate r, which produces N/r code symbols at the input of the channel interleaver 20. The 
channel interleaver 20 performs pseudo-random shuffling of code symbols, and outputs the 
re-arranged symbols to the spread spectrum modulator 22. The spread spectrum modulator 
22 uses a user-specific transmit PN-code generator 24 to produce a spread spectrum signal 
which is carried on a RF carrier to the transmitter 26, where a high power amplifier coupled 
to the transmit antenna 2S radiates the signal to the base station. The techniques of spread 
spectrum modulation and RF transmission are well known art to one familiar with spread 
spectrum communications systems. 

The signal received at the mobile station antenna 30 is amplified in the RF receiver 32 
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and demodulated by the spread spectrum demodulator 34, which uses the same PN-code 
generator 36 as used by the base station transmitter to de-spread the signal. The demod- 
ulated symbols are de-interleaved by the channel de-interleaver 3S and input to the Viterbi 
decoder 40. The decoded information bits are reconstructed using data block reconstruction 
42 into receive data blocks 14 and forwarded to the data terminal equipment at the receive 
end. 

With reference to Fig. 2, a digital cellular base-station-to-mobile-station link is shown 
to illustrate the implementation of space-time encoding and decoding in accordance with 
an embodiment of the present invention. While CDMA system is used as an example, 
one familiar with the art would consider the present invention applicable to other types of 
wireless systems, which can employ other types of multiple access methods such as time 
division multiple access (TDM A). 

Transmit data blocks 52 from the data terminal equipment are segmented and framed 
56 into fixed frame length and applied to the mobile's channel space-time encoder 5S. The 
output from a channel encoder 60 is fed to the space-time formatter 62 which determines 
the parsing (allocation and presentation order) of the coded symbols to the various transmit 
antennas 70a, 70b, 70c. The spatial formatter output is applied to the spread spectrum 
modulator 64 which uses a user specific PN-code generator 66 to create spread spectrum 
signals, carried on a RF carrier via base RF transmitter 68, to the mobile station transmitter. 
The transmitter, with high power amplifier coupled to the Transmit antenna, radiates the 
signals via separate transmit antennas to the mobile station. 

The signal received at one or more mobile station antenna(s) 72 is amplified in the mobile 
RF receiver 74 and demodulated in a phase shift keying demodulator 76, which uses the same 
PN-code generator 78 as used by the base station transmitter, to de-spread the signal. The 
demodulated symbols are processed at space-time decoder 80 by the space-time de- formatter 
82 and input to the channel decoder 84. The decoded information bits are reconstructed 86 
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into receive data blocks 54 and forwarded to the data terminal equipment at the receive end. 
Based on the space-time code used, the de-formatter S2 and the decoder 84 can be grouped 
in a single maximum likelihood receiver. 

Fig. 3 illustrates an exemplary communication system 90 having a path 92 from a source 
and a path 94 to a sink and which can be a system other than a cellular system. The system 
90 has a space-time encoder 96 that is similar to the encoder 5S depicted in Fig. 2 in that it 
comprises a channel encoder 9S and a spatial formatter 100. Plural modulators 102a, 102b. 
102c, and so on, are also provided. At the receiver end, a space-time demodulator 104 and 
a space-time decoder 106 are provided. 

With continued reference to Fig. 3, the source generates k information symbols from a 
discrete alphabet X on the path 92 which are encoded by an error control code C by the 
space-time encoder 96. The space-time encoder 96 produces code words of length N over the 
symbol alphabet Y. The encoded symbols are mapped by the modulators 102a, 102b, 102c, 
and so on, onto constellation points from a discrete, complex-valued signaling constellation 
for transmission across the channel. The modulated radio frequency signals for all of the 
L transmit antennas 102a, 102b, 102c, and so on, are transmitted at the same time to 
the receiver space-time demodulator 104. The space-time channel decoder 106 decodes the 
signals to the received data path 94. As shown, the receiver provides M receive antennas to 
collect the incoming transmissions. The received baseband signals are subsequently decoded 
by the space-time decoder 106. The space-time code preferably includes an underlying error 
control code, together with the spatial parsing format as discussed below. 

Fig. 4 depicts an exemplary concatenated space-time encoder 110 for implementing a 
full- diversity space-time concatenated coding sequence. The coding sequence employs an 
outer code 112 which provides signals to a spatial formatter 114. Signals from the spatial 
formatter 114 are separated for coding at inner code 116a, 116b, 116c, and so on, which 
provide signals that are modulated, respectively, by modulators 118a, 118b, HSc, and so on, 
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for transmission via antennas 120a, 120b, 120c, and so on. A convolutional encoder applying 
the binary rank criterion for QPSK modulated space-time codes is shown in block diagram 
form in Figs. 5a through 5d in which known trellis space- time codes proposed for QPSK 
modulation are shown to comply with the general design rules of the present invention. 
Space-time trellis codes are shown in Figs. 5a through 5d, respectively, for 4, 8, 16, and 32 
states which achieve full spatial diversity. As shown, the delay structures 122, 124, 126, and 
12S provided for each respective code design are enough to ensure that L = 2 diversity is 
achieved. In the text below, a number of known codes are shown to be special cases of the 
general constructions presented in accordance with the present invention. In addition, the 
present invention provides new delay diversity schemes and constructions such as examples 
of new BPSK space-time codes for L > 2 and new QPSK space-time codes for L > 2. 

The present invention is concerned primarily with the design of space-time codes rather 
than the signal processing required to decode them. In most cases, the decoding employs 
known signal processing used for maximum likelihood reception. 

The derivation of space- time codes from codes on graphs is a primary feature of the present 
invention, that is, to define constraints on matrices for linear codes based on graphs to pro- 
vide full spatial diversit}' as space-time codes and therefore to design graphical codes for 
space-time applications. The matrices can be obtained using the present invention. Graph- 
ical codes designed in this manner can be decoded using soft-input, soft-output techniques. 
Thus, performance is close to the Shannon limit. Accordingly, the code constructions or 
designs of the present invention define the state-of-the-art performance of space-time codes. 
An improvement of iterative soft-input, soft-output decoding for a space-time channel is 
marginalization since the receiver need only access the sum of the transmission from the L 
transmit antennas. This marginalization is improved via iteration. 

A general stacking construction for BPSK and QPSK codes in quasi-static fading channels 
is presented as another novel feature of the present invention. Examples of this construction 
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are given by the rate l/L binary convolutional codes for BPSK modulation. A preferred 
class of QPSK modulated codes is the linear rate l/L convolutional codes over the integers 
modulo 4. Specific examples of selected block and concatenated coding schemes for L = 2 
and L — 3 antennas with BPSK and QPSK modulation are provided below. In addition, 
a dyadic construction for QPSK signals using two binary full rank codes is also described 
below. 

Another example is provided below of an expurgated, punctured version of the Golay 
code G23 that can be formatted as a BPSK-modulated space-time block code achieving 
full L = 2 spatial diversity and maximum bandwidth efficiency (rate 1 transmission). For 
L = 3 diversity, an- explicit rate 1 space-time code is derived below which achieves full 
spatial diversity for BPSK and QPSK modulation. By contrast, known space- time block 
codes derived from complex, generalized orthogonal designs provide no better bandwidth 
efficiency than rate 3/4. 

The de-stacking construction is a method of obtaining good space-time overlays for ex- 
isting systems for operation over time- varying fading channels. The key advantage of these 
systems is that of robustness because they exploit time and space diversity. There is coding 
gain both spatially (from the space-time "stacking") and temporally (conventional coding 
gain achieved by "de-stacking"). The system is not dependent entirely on the spatial diver- 
sity, which may not be available under all deployment and channel circumstances. Examples 
of these are obtained from de-stacking the rate l/L convolution codes (BPSK) and (QPSK). 

Multi-level code constructions with multi-stage decoding also follow the design criteria 
of the present invention. Since binary decisions are made at each level, the BPSK design 
methodology of the present invention applies. For 8-PSK, the binary rank criteria developed 
for BPSK and QPSK cases also apply for the special case of L = 2 antennas. This allows 
more sophisticated L = 2 designs for PSK than is currently commercially available. 

The design of space-time codes in accordance with the present invention will now be 
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described. In Section 1. binary rank criteria for BPSK and QPSK-modulatcd space-time 
codes are discussed which arc selected in accordance with the present invention. Sections 
2 and 3 expand on the use of these criteria to develop comprehensive design criteria in 
accordance with the present invention. In Section 2, new fundamental constructions for 
BPSK modulation are provided in accordance with the present invention that encompass 
such special cases as transmit delay diversity schemes, rate l/L convolutional codes, and 
certain concatenated coding schemes. The general problem of formatting existing binary 
codes into full-diversity space-time codes is also discussed. Specific space-time block codes 
of rate 1 for L = 2 and L = 3 antennas are given that provide coding gain, as well as 
achieve full spatial diversity. In Section 3, Z 4 analogs of the binary theory are provided in 
accordance with the present invention. It is also shown that full diversity BPSK designs lift 
to full diversity QPSK designs. In Section 4, the existing body of space-time trellis codes is 
shown to fit within the code design criteria of the present invention. Extension of the design 
criteria to time- varying channels is discussed in Section 5, which describes how multi-stacking 
constructions in accordance with the present invention provide a general class of "smart- 
greedy" space-time codes for such channels. Finally, Section 6 discusses the applicability of 
the binary rank criteria to multi-level constructions for higher-order constellations. 

1 Binary Rank Criteria for Space-Time Codes 

The design of space-time codes is hampered by the fact that the rank criterion applies 
to the complex-valued differences between the baseband versions of the code words. It is 
not easy to transfer this design criterion into the binary domain where the problem of code 
design is relatively well understood. In section 1, general binary design criteria are provided 
that are sufficient to guarantee that a space-time code achieves full spatial diversity. 

In the rank criterion for space-time codes, the sign of the differences between modulated 
code word symbols is important. On the other hand, it is difficult to see how to preserve 
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that information in the binary domain. In accordance with the present invention, what can 
be said in the absence of such specific structural knowledge is investigated by introducing 
the following definition. 

Definition 2 Two complex matrices r, and r 2 is said to be u - equivalent i/r, can be trans- 
formed into r 2 by multiplying any number of entries o/r, by powers of the complex number 

Interest primiarily lies in the -.-equivalence of matrices when u is a generator for the 
signalling constellation O Since BPSK and QPSK arc of particular interest, the following 
special notation is introduced: 

BPSK (w = -1): n = r 2 denotes that rj and r 2 are (-l)-equivalent. 

QPSK (u.- = i = r x = r 2 denotes that ^ and r 2 are i-equivalent. 

Using this notion, binary rank criteria for space-time codes are derived that depend only 
on the unmodulated code words themselves. The binary rank criterion provides a complete 
characterization for BPSK-modulated codes (under the assumption of lack of knowledge 
regarding signs in the baseband differences). It provides a highly effective characterization 
for QPSK-modulated codes that, although not complete, provides a fertile new framework 
for space-time code design. 

The BPSK and QPSK binary rank criteria simplify the problem of code design and the 
verification that full spatial diversity is achieved. They apply to both trellis and block 
codes and for arbitrary numbers of transmit antennas. In a sense, these results show that 
the problem of achieving full spatial diversity is relatively easy. Within the large class of 
space-time codes satisfying the binary rank criteria, code design is reduced to the problem 
of product distance or coding advantage optimization. 

1.1 BPSK^fodnlat^ C.nA*« 
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For BPSK modulation, the natural discrete alphabet is the field F = {0. 1} of integers 
modulo 2. Modulation is performed by mapping the symbol x 6 F to the constellation 
point s - f(x) G {-1,1} according to the rule 5 = (-l) r . Note that it is possible for 
the modulation format to include an arbitrary phase offset e'° . since a uniform rotation of 
the constellation will not affect the rank of the matrices /(c) — /(e) nor the eigenvalues of 
the matrices A = (/(c) - /(e))(/(c) - /(e)) H . Notationaily, the circled operator © is used 
to distinguish modulo 2 addition from real- or complex-valued (+,— ) operations. It will 
sometimes be convenient to identify the binary digits 0. 1 £ F with the complex numbers 
0, 1 £ C. This is done herein without special comment or notation. 

Theorem 3 Let C be a linear L x n space-time code with n > L. Suppose that every non- 
zero binary code word c € C has the property that every real matrix (— I) -equivalent to c is 
of full rank L. Then, for BPSK transmission, C satisfies the space-time rank criterion and 
achieves full spatial diversity L. 

Proof : It is enough to note that [(-l) Cl - (^-l) C2 ]/2 = Cj 6 c 2 . 

It turns out that (-l)-equi valence has a simple binary interpretation. The following 
lemma is used. 

Lemma 4 Let M be a matrix of integers. Then the matrix equation Mi = 0 has non-trivial 
real solutions if and only if it has a non-trivial integral solution x = [di y d 2i . . . ,di) in which 
the integers d u d 2 ^..,di art jointly relatively prime— that is, gcd{d x , d 2 , . . . , di) = 1 . 

Proof: Applying Gaussian elimination to the matrix M yields a canonical form in which 
all entries are rational. Hence, the null space of M has a basis consisting of rational vectors. 
By multiplying and dividing by appropriate integer constants, any rational solution can be 
transformed into an integral solution of the desired form. 
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Theorem 5 The L x n, (n > L). binary matrix c = [ c x c 2 ••• c L ] T has full rank L 
over the binary jitld F // and only if every real matrix r = [ r x r 2 • ■ • f L ] T that is (— 1 )- 
equivalent to c /ia5 /»// ra/i£ L over the real field R. 

Proof: (=>) Suppose that r is not of full rank over R. Then there exist real Oi,q 2 , .,.,q l , 

not all zero, for which a x rx + o 2 f 2 + h clijl = 0. By the lemma, a, are assumed to be 

integers and jointly relatively prime. Given the assumption on r and c, f, = c, (mod 2). 
Therefore, reducing the integral equation modulo 2 produces a binary linear combination of 
the c,- that sums to zero. Since the or; are not all divisible by 2, the binary linear combination 
is non-trivial. Hence, c is not of full rank over F. 

Suppose that c is not of full rank over F. Then there are rows c,,, c,- 2 , . . . , c l4 , such 
that c,j © C{ 7 © • * • © C{ u = 0. Each column of c therefore contains an even number of ones 
among these v rows. Hence, the + and — signs in each column can be modified to produce 
a real- valued summation of these v rows that is equal to zero. This modification produces a 
real- valued matrix that is (-l)-equivalent to c but is not of full rank. 

The binary criterion for the design and selection of linear space-time codes in accordance 
with the present invention now follows. 

Theorem 6 (Binary Rank Criterion) LetC be a linear Lxn space-time code withn > L. 
Suppose that every non-zero binary code word c 6 C is a matrix of full rank over the binary 
field F. Then, for BPSK transmission, the space-time code C achieves full spatial diversity L. 

The binary rank criterion makes it possible to develop algebraic code designs for which 
full spatial diversity can be achieved without resorting to time consuming and detailed 
verification. Although the binary rank criterion and of the present invention associated 
theorems are stated for linear codes, it is clear from the proofs that they work in general, 
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even if the code is nonlinear, when the results are applied to the modulo 2 differences between 
code words instead of the code words themselves. 

1.2 QPSK-Modulated Codes 

For QPSK modulation, the natural discrete alphabet is the ring Z< = {0, ±1,2} of integers 
modulo 4. Modulation is performed by mapping the symbol x € TLa to the constellation 
point s G {±1,±:} according to the rule s = z x , where i = \f—l. Again, the absolute phase 
reference of the QPSK constellation can be chosen arbitrarily without afFecting the diversity 
advantage or coding advantage of a Z 4 - valued space-time code. Notationally, subscripts are 
used to distinguish modulo 4 operations (64,64) from binary (6) and real- or complex- 
valued (+, — ) operations. 

For the Z 4 -valued matrix c, the binary component matrices a(c) and /3(c) are defined to 
satisfy the expansion 

c = £(c) + 2a(c). 

Thus, (3(c) is the modulo 2 projection of c and a(c) = [c 64 /3(c)]/2. 

The following special matrices are now introduced which are useful in the analysis of 
QPSK-modulated space-time codes: 

(1) Complex-valued ((c) = c + z*/?(c); and 

(2) Binary-valued indicant projections: Z(c) and $(c). 

The indicant projections are defined based on a partitioning of c into two parts, according to 
whether the rows (or columns) are or are not multiples of two, and serve to indicate certain 
aspects of the binary structure of the Z 4 matrix in which multiples of two are ignored. 

A Z 4 -valued matrix c of dimension Lx n is of type l'2 L ~' x i m 2"- m if it consists of exactly 
£ rows and m columns that are not multiples of two. It is of standard type l'2 L "' x l m 2 n " m 
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if it is of type 1<2 L ~' x l m 2 n - m and the first ( rows and first m columns in particular are not 
multiples of two. When the column (row) structure of a matrix is not of particular interest, 
the matrix is of row type l' x 2 L ' ( (column type l m x 2 n * m ) or, more specifically, standard 
row (column) type. 

Let c be a Z 4 -valued matrix of type l*2 L ~ ( x l m 2 n " m . Then, after suitable row and 
column permutations if necessary, it has the following row and column structure: 



c = 



c 2 



*+2 



2c' e + 



L2ci, 



— f 7> T 7> T ... JJ 9A'T »>7,'T 



... 2J? 



Then the row-based indicant projection (^.-projection) is defined as 



E(c) = 



m) 



and the column-based indicant projection (^-projection) is defined as 

*(c) = [/3(hJ) p{hl) ■■■ 0(hl) ••■ /W)]. 



Note that 



[*(c)] T = E(c T ). 



(7) 



The first result shows that the baseband difference of two QPSK-modulated code words 
is directly, related to the Z.rdifference of the unmodulated code words. 
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Proposition 7 Let C be aZ A space-time code. Forx.y 6 C, let i x - i* denote the baseband 
difference of the corresponding QPSh'-moduIatcd signals. Then. 

Furthermore, any complex matrix z = r+ts that is (- 1) -equivalent to i x -i y has the property 
that 

r = s = /?(x 04 y) = x©y (mod 2). 
Proof : Any component of i x — i y can be written as 

i r -i y = -i v -{l-i s ), 

where 6 = x © 4 y. Since 

f 0, (5 = 0 

i J i-« = -«-(i + 0i * = i 

I 2, 5 = 2 

I l+i = -{-(-l + z), 

the entry i x — i J can be turned into the complex number (x Q 4 y) + i(x © y) by multiplying 
by ±1 or ±: as necessary. Thus, 

i* - = (x 0 4 y ) + {(x © y ) = C(x e 4 y ), 

as claimed. 

For (-1) -equivalence, multiplication by ±z is not allowed. Under this restriction, it is no 
longer possible to separate z into the terms x 0 4 y and x © y so cleanly; the discrepancies, 
however, amount to additions of multiples of 2. Hence, if z = r + is = i x - z y , then 
r = x ©4 y (mod 2) and s = x © y (mod 2). 
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Theorem 8 Let C be a linear, L x n (n > L) space-time code over TL A . Suppose that every 
non-zero code word c £ C has the property that every compter matrix i-cquivak nt to ((c) 
of full rank L. Then, for OPSK transmission. C satisfies the space-time rank criterion and 
achieves full spatial diversity L. 

Proof: Since C is linear, the Z^-difFerence between any two code words is also a code word. 
The result then follows immediately from the previous proposition. 

The indicant projections of the -valued matrix c provide a significant amount of in- 
formation regarding the singularity of ((c) and any of its /-equivalents. Thus, the indicants 
provide the basis for our binary rank criterion for QPSK-modulated space-time codes. 

Theorem 9 Let c = [ c\ c 2 • • • cj, ] T be an ^-valued matrix of dimension L x n } (n > 
L), If the row-based indicant E(c) or the column-based indicant <I>(c) has full rank L over 
F, then every complex matrix z that is i-equivalcnt to £(c) has full rank L over the complex 
field C. 

Proof: Proof for the row-based indicant will now be provided. The proof for the 
column-based indicant is similar. 

By rearranging the rows of c if necessary, any row that is a multiple of 2 can be assumed 
to appear as one of the last rows of the matrix. Thus, there is an £ for which /?(c,-) ^ 0 
whenever 1 < i < [ and /?(c t ) = 0 for i < i < L. The first C rows is called the 1-part of c: 
the last L — ( rows is called the 2-part. 

Suppose that 



^1 




" r x + is x 






r 2 + is 2 






m ri + is i m 
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is singular and is i-equivalcnt to (,"(<:). Then there exist complex numbers d\ =■ a x i- ib u a 2 = 

a? + ib> . a/: = ai -f ib f , not nil zero, for which 

L L 

axz x + a 2 5 2 -f *• • -f q l : l = ^(a.-r. - Mi) + ' X](Mi + = °- (S) 

1=1 i=i 

Without loss of generality, the a,, 6, are assumed to be integers having greatest common 
divisor equal to 1. Hence, there is a nonempty set of coefficients having real or imaginary 
part an odd integer. The coefficient a t is said to be even or odd depending on whether two 
is or is not a common factor of a, and b{. It is said to be of homogeneous parity if a, and 6, 
are of the same parity; otherwise, it is said to be of heterogeneous parity. 

There are now several cases to consider based on the nature of the coefficients applied to 
the 1-part and 2-part of z. 

Case (t): There is an odd coefficient of heterogeneous parity applied to the 1-part of z. 

In this case, taking the projection of (8) modulo 2, 

X:(/S(a,)e^(W(c,) = o, 

1=1 

since /?(f t ) = /?(s f ) = /?(c t ) by the proposition. By assumption, at least one of the binary 
coefficients /?(a,) © 0(bi) is nonzero. Hence, this is a non-trivial linear combination of the 
first C rows of E(c), and so E(c) is not of full rank over F. 

Case (ii): All of the nonzero coefficients applied to the 1-part of z are homogeneous and 
at least one is odd; all of the coefficients applied to the 2-part of z are homogeneous (odd or 
even). 

In this case, equation (S) is multiplied by a'/2 = (a - z'6)/2, where a = a + ib is one 
of the coefficients applied to the 1-part of z having a and 6 both odd. Note that a"a t - is 
even if a, is homogeneous (odd or even) and is odd homogeneous if a t is heterogeneous. 
Hence, this produces a new linear combination, all coefficients of which still have integral 
real and imaginary parts. In this linear combination, one of the new coefficients is | a | 2 /2 = 
(a 2 + 6 2 )/2, which is an odd integer. The argument of case (i) now applies. 
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Case [Hi): All of the nonzero coefficients applied to the 1-part of z are homogeneous and 
at lca.-i one is odd: I here is a heterogeneous coefficient applied to the 2-pnrt of z. 

In this case, normalization occurs as in case using one of the odd homogeneous 
coefficients from the 1-part of z. say q = a + ib. Thus, normalization produces the equation 

<Mi + • ■ • + o ( Z( + a<+iz (+l + • ■ • + a L z L = 0, (9) 

where q, = a m cti/2 for i < C and a, = q"q, for i > £. 

Taking the projection modulo 2 of the real (or imaginary) part of equation (9) yields 



For i > t + 1, it is true that 0(f\) @ p[s\) = £(3), where c t = 2c\ is the i-th row of c. 
By assumption, there is a nonzero coefficient in each of the three component sums. Hence, 
equation (9) establishes a nontrivial linear combination of the rows of Z(c). 

Case (iv): All of the coefficients applied to the 1-part of z are even, and at least one of 
the coefficients applied to the 2-part of z is heterogeneous. 

In this case, equation (S) is divided by two to get the modified dependence relation 

a\z x + - • • + a' ( zc + cxt+xz't^ + ■ • • + a L z' L = 0, (10) 

where a\ = a,/2 and z\ = 5,-/2. Projecting modulo 2 gives two independent binary equations 
corresponding to the real and imaginary parts of equation (10): 

DM-) © mm-a) © e PiaiWK) e £ mm) = ° 

Z[^(a:)6^(6;.)]^(c,)e jr pum'de £ flaO/Jtf) = o. 

Setting these two equal gives 

£ [/?(«.•) s £(MPtf)e /?($:•)] = o, 
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which is a nontrivial linear combination of the rows 3(c[) = 3(7~[) 6 /?(^), for i > ( + L of 
H(c). 

Case (r): All of the cocfficents applied to the 1-part of z are even, and all of the coefficients 
applied to the two part of z are homogeneous. 

In this case, equation (10) is first used after dividing by two. Recalling that at least one 
of the coefficients Qf+n . . . ,&l is odd, the modulo 2 projection of equation (10) is taken to 
get (from either the real or imaginary parts) the equation 

^( fl ;.)e»(ft)e £ /?(<*,■)[/?(*=;) e m)\ = o. 

This is once again a. nontrivial linear combination of the rows of E(c). 

The binary rank criterion for QPSK space-time codes in accordance with the present 
invention now follows as an immediate consequence of the previous two theorems. 

Theorem 10 (QPSK Binary Rank Criterion I) Let C be a linear Lxn space-time code 
over Z 4; with n > L. Suppose that, for every non-zero c € C, the row-based indicant E(c) 
or the column-based indicant *£(c) has full rank L over F. Then, for QPSK transmission, 
the space-time code C achieves full spatial diversity L. 

In certain Z 4 space-time code constructions, there may be no code word matrices having 
isolated rows or columns that are multiples of two. For example, it is possible for the entire 
code word to be a multiple of two. In this case, the following binary rank criterion is simpler 
yet sufficient. 

Theorem 11 (QPSK Binary Rank Criterion II) Let C be a linear Lxn space-time 
code over Z 4 , with n > L. Suppose that, for every non-zero cgC, the binary matrix 3(c) is 
of full rank over F whenever /?(c) / 0, and /?(c/2) is of full rank over F otherwise. Then, 
for QPSK transmission, the space-time code C achieves full spatial diversity L. 
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Proof : Under the specified assumptions, cither -(c) = .3(c) or -(c) = J(c/2). depending 
on whether 3(c) = 0 or not. 

The QPSK binary rank criterion is a powerful tool in the design and analysis of QPSK- 
modulated space-time codes. 

2 Theory of BPSK Space-Time Codes 

2,1 Stacking Construction 

A general construction for L x n space-time codes that achieve full spatial diversity is 
given by the following theorem. 

Theorem 12 (Stacking Construction) Let 7i,r 2l . ,2jC be linear vector-space transfor- 
mations from F* into F n , and let C be the L x n space-time code of dimension k consisting 
of the code word matrices 

I" r,(*) ] 

c(x) = . 

. T L (x) . 

where x denotes an arbitrary k-tuple of information bits and n > L. Then C satisfies the 
binary rank criterion, and thus achieves full spatial diversity L f if and only if T u T 2l . . . ,T L 
have the property that 

Va u a 7j ...,a L G F : 

T = a\T\ Q a 2 T 2 £ ■ • ■ ~ QlTl is nonsingular unless a\ = a 2 = • • • = «l = 0. 

Proof : (=>) Suppose C satisfies the binary rank criterion but that T = a\Ti 6- a 2 T 2 

aiTi is singular for some a u a 2 ,...,aL € F. Then there is a non-zero x 0 6 F* such that 
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T(xq) = 0. In this case. 

T{x Q ) = <i, • T x {x 0 ) ^ a 2 • r 2 (io) ~ • • ■ -r a L • T L {x 0 ) = 0 

is a dependent linear combination of the rows of c(x 0 ) € C. Since C satisfies the binary rank 
criterion, a } = a 2 = ■ • • = a L = 0. 

(«=) Suppose T u T 2 ,...,Tl have the stated property but that c(i 0 ) 6 C is not of full rank. 
Then there exist a Jf a 2 , - • • , at G F, not all zero, for which 

T(x 0 ) = a x ■ Ti(x 0 ) 8 «2 ■ 22(^0) 5"'6flf 7/,(ia) = 0. 

wheere T = aiTi © a 2 T2 6 ■ • * f* arTi,. By hypothesis, 7* is nonsingular; hence, x 0 = 0 and 
c = 0. 

The vector-space transformations of the general stacking construction can be implemented 
as binary k x n matrices. In this case, the spatial diversity achieved by the space-time code 
does not depend on the choice of basis used to derive the matrices. 

A heuristic explanation of the constraints imposed on the stacking construction will now 
be provided. In order to achieve spatial diversity L on a flat Rayleigh fading channel, the 
receiver is expected to be able to recover from the simultaneous fading of any L — 1 spatial 
channels and therefore be able to extract the information vector x from any single, unfaded 
spatial channel (at least at high enough signal-to-noise ratio). This requires that each matrix 
Mf be invertible. That each linear combination of the M,- must also be invertible follows 
from similar reasoning and the fact that the transmitted symbols are effectively summed by 
the channel. 

The use of transmit delay diversity provides an example of the stacking construction. In 
this scheme, the transmission from antenna i is a one-symbol-delayed replica of the trans- 
mission from antenna i — 1. Let C be a linear (n, k] binary code with (nonsingular) generator 
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matrix G, and consider the delay diversity scheme in winch code word c = xG is repeated on 
each transmit antenna with the prescribed delay. The result is a space-time code achieving 
full spatial diversity. 

Theorem 13 Let C be the L x (n -f L - 1) spacc-iime code produced by applying the stacking 
construction to the matrices 

M, = [ G O fcx( n, ] ? M 2 = [ Ojfe Xl G 0 h(L . 2} ]... v Mi=[0 h(M G], 

where O lX j denotes the all-zero matrix consisting of i rows and j columns and G is the 
generator matrix of a linear [n.k] binary code. Then C achieves full spatial diversity L. 

Proof : In this construction, any linear combination of the M t - has the same column space 
as that of G and thus is of full rank k. Hence, the stacking construction constraints are 
satisfied, and the space-time code C achieves full spatial diversity L* 

A more sophisticated example of the stacking construction is given by the class of binary 
convolutional codes. Let C be the binary, rate convolutional code having transfer 

function matrix 

G{D)=[g x (D) g2(D) g L (D)}. 

The natural space-time code C associated with C is defined to consist of the code word 
matrices c(D) = G T (D)x(D), where the polynomial x(D) represents the input information 
bit stream. In other words, for the natural space-time code, the natural transmission format 
is used in which the output coded bits corresponding to are transmitted via antenna 
i. The trellis codes are assumed to be terminated by tail bits. Thus, if x(D) is restricted 
to a block of A* information bits, then C is an L x (A f + u) space- time code, where v - 
maxt<j<jr,{deg0i(x)} is the maximal memory order of the convolutional code C. 
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Theorem 14 The natural space-time codtC associaicd with the rate \/L convolutionat code 
C satisfies the binary rank rrih.rion. and tint* achieve.-? full spatial dinrxity L for BPSK 
transmission, if and only if the transfer function matrix G[D) of C has full rank L as a 
matrix of coefficients over F. 

Proof : Let g^D) = g i0 + g {l D + g i2 D 2 + ■ - ■ + g xu D\ where i = 1 . 2, . . . , L. Then, the result 
follows from the stacking construction applied to the generator matrices 

" 9io <7. i ■ * • 9iu 0 ... 0 
jyj. _ 0 Qio <Ji\ ... 9iu '"• : 

; •-. o 

0 ... 0 (ja g ix . . . g iu _ 
each of which is of dimension N x (N + u). 

Alternately, Theorem 14 is proven by observing that ^ a%gi{D)x(D) = 0 for some 

1<i<L 

x(D) ^ 0 iff digi(D) — 0. This proof readily generalizes to recursive convolutional 

1<i<L 

codes. 

Since the coefficients of G(D) form a binary matrix of dimension Lx(i/ + 1) and the 
column rank must be equal to the row rank, the theorem provides a simple bound as to how 
complex the convolutional code must be in order to satisfy the binary rank criterion. It has 
been showed that the bound is necessary for the trellis code to achieve full spatial diversity. 

Corollary 15 In order for the corresponding natural space-time code to satisfy the binary 
rank criterion for spatial diversity L, a rate l/L convolutional code C must have maximal 
memory order u > L — 1. 

Standard coding theory provides extensive tables of binary convolutional codes that 
achieve optimal values of free distance d( TCC . Although these codes are widely used in con- 
ventional systems, the formatting of them for use as space-time codes has not been studied 
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previously. A significant aspect of the current invention is the separation of the channel code 
from the spatial formatting and modulation functions so that conventional channel codes 
can be adapted through use of the binary rank criteria of the present invention to space-time 
communication systems. In Table I. many optimal rate l/L convolutional codes are listed 
whose natural space-time formatting in accordance with the present invention achieves full 
spatial diversity L. The table covers the range of constraint lengths v = 2 through 10 for 
L = 2, 3, 4 and constraint lengths v = 2 through 8 for L = 5, 6. 7, S. Thus, Table I provides a 
substantial set of exemplary space-time codes of practical complexity and performance that 
are well-suited for wireless communication applications. 

There are some gaps in Table I where the convolutional code with optimal d {m is not 
suitable as a space-time code. It is straightforward, however, to find many convolutional 
codes with near-optimal d im that satisfy the stacking construction of the present invention. 

In the table, the smallest code achieving full spatial diversity L has v = L rather than 
v = L — 1- This is because every optimal convolutional code under consideration for the 
table has all of its connection polynomials of the form gi{D) = 1 + + D u \ hence, the 
first and last columns of G(D) are identical (all ones), so an additional column is needed to 
achieve rank L. Other convolutional codes of more general structure with v = L - 1 could 
also be found using the techniques of the present invention. 



30 



SUBSTITUTE SHEET (RULE 26) 



WO 00/18056 



PCT/US99/21850 



Table L Binary Rate 1/L Convolutional Codes with Optimal </ frcc 
whose Natural Space-Time Codes Achieve Full Spatial Diversity 



t 

L 




Connection Polynomials 


"free 


> 


/ 


5, 7 


5 




3 


64, 74 


n 

0 




4 


46, 72 


7 




5 


6o, 57 


Q 
0 




6 


554, 744 


10 




7 


712, 476 


10 




S 


561, 753 


12 




9 


4734, 6624 


12 




10 


4672, 7542 


14 


3 


3 


54, 64, 74 


10 




4 


52, 66, 76 


12 




5 


AH 

4(, 00, /O 


10 




6 


554, 624, 764 


15 




7 


452, 662, 756 


16 




8 


557, 663, 711 


18 




9 


4474, 5724, 7154 


20 




10 


4726, 5562, 6372 


22 


4 


4 


52, 56, 66, 76 


16 




5 


53, 67, 71, 75 


18 




7 


472, 572, 626, 736 


22 




S 


463, 535, 733, 745 


24 




9 


4474, 5724, 7154, 7254 
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10 


4656, 4726. 5562, 6372 


29 


5 


5 


75, 71, 73, 65, 57 


22 




7 


536, 466, 646, 562, 736 
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In the stacking construction, the information vector x is the same for all transmit antennas. 
This is necessary to ensure full rank in general. For example, if 7\(F fc ) H ^(F*) ^ {0}, then 
the space-time code consisting of the matrices 



cannot achieve full spatial diversity even if T\ and Ti satisfy the stacking construction con- 
straints. In this case, choosing so that T\{x) = Ti[y) 0 produces a code word matrix 
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having two identical rows. One consequence of this fact is that the natural space-time codes 
associated with non- catastrophic couvolutional codes of rate k/L with k > 1 do not achieve 
full spatial diversity. 

The natural space-time codes associated with certain Turbo codes illustrate a similar 
failure mechanism. In the case of a systematic, rate 1/3 turbo code with two identical 
constituent encoders, the all-one input produces an output space-time code word having two 
identical rows. 

2.2 New Space-Time Codes from Old 

Transformations of space-time codes will now be discussed. 

Theorem 16 Let C be an Lxm space-time code satisfying the binary rank criterion. Given 
the linear vector-space transformation T : F m F n , a new Lxn space-time code T(C) is 
constructed consisting of all code word matrices 



T(c) = 



T(c 2 ) 



L T(c L ) 

where c = [ ci c 2 ... ci j T G C. Then, i/T is nonsingular, T(C) satisfies the binary rank 
criterion and. for BPSK transmission, achieves full spatial diversity L. 

Proof: Let c.c' 6 C, and consider the difference T(c) 6 ^(c') = jH(Ac). where Ac = 
cSc'= [ Ac, Ac 2 ■■■ Ac L ] T ^ 0. Suppose 



a,r(Ac,) 6 a 2 T{Sc 2 ) e ■ • • ~ a L T(±c L ) = 0. 

Then T(Ac) = 0 where Ac = a t £c l e-a 2 Ac 2 6- ■ — a L Ac L . Since T is nonsingular, Ac = 0. 
But since C satisfies the binary rank criterion. <ii = a 2 = • • • = ai = 0. 
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Column transpositions applied uniformly to all code words in C. for example, do noi affect 
the spatial diversity of the code. A more interesting interpretation of the theorem is provided 
by the concatenated coding scheme of Figure 4 in which T is a simple differential encoder or 
a traditional [n.ro] error control code that serves as a common inner code for each spatial 
transmission. 

Given two full-diversity space-time codes that satisfy the binary rank criterion, they are 
combined into larger space-time codes that also achieve full spatial diversity. Let A be 
a linear L x n A space-time code, and let B be a linear L x n B space-time code, where 
L < min{7? A ,nB}. Their concatenation is the L x (n A + n B ) space-time code d = \A\B\ 
consisting of all code word matrices of the form c = | a | b |. where a E A, b 6 B. 

A better construction is the space-time code C 2 = \A\A@B\ consisting of the code word 
matrices c = | a | a© b |, where a 6 A, b G B. (Zero padding is used to perform the addition 
if n A ^ n B .) Thus C 2 is an L x (n A + max{n A ,n B }) space-time code. 

The following proposition illustrates the full spatial diversity of these codes. 

Theorem 17 The space-time codes C x = \A\B\ and C 2 = \A\AQB\ satisfy the binary 
rank criterion if and only if the space-time codes A and B do. 

As an application of the theorem, codes built according to the stacking construction can also 
be "de-stacked." 

Theorem 18 (De-stacking Construction) Let C be the Lxn space-time code of dimen- 
sion k consisting of the code word matrices 

xM 2 
c = : 
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where Mi, M2, . . . , M^, satisfy the stacking construction. Let I = L/p be an integer divisor 
of L. Th en the cod t C K co n s isl ing of cod c wo rd mat rice s 



c = 



X1M1 I* 2 M f+ i 
iiM 2 I' 2 M f+ 2 



m x x M( x 2 M 2 t x p M L 
is an L/p x pn space-time code of dimension pk that achieves full diversity L/p. Setting 

Xi = x 2 = * * * = x p = x produces an L/p x pn space-time code of dimension k that achieves 

full diversity. 

More generally, the following construction is provided in accordance with the present inven- 
tion. 

Theorem 19 (Multi-stacking Construction) Let M = {M X ,M2, . . . . M^} be a set of 

binary matrices of dimension kxn, n > k f that satisfy the stacking construction constraints. 

Fori = l,2,...,m, let (Mi;, M21, . . . , M*,) be an £~tuple of distinct matrices from the set 

M. Then, the space-time code C consisting of the code words 

xjMn x 2 Mi2 ••• x m M lm 



c = 



X x M 2 l X2M 



22 



X m M 2n 



X1M0 x 2 M( 2 •■■ x m Mt m 
is an £ X mn space-time code of dimension mk that achieves full spatial diversity £. Setting 

Xi =r x 2 = • * • = x m = x produces an £ x mn space-time code of dimension k that achieves 

full spatial diversity. 

These modifications of an existing space-time code implicitly assume that the channel 
remains quasi-static over the potentially longer duration of the new, modified code words. 
Even when this implicit assumption is not true and the channel becomes more rapidly time- 
varying, however, these constructions are still of interest. In this case, the additional coding 
structure is useful for exploiting the temporal as well as spatial diversity available in the 
channel. Section 5 discusses this aspect of the invention. 
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2.3 Space-Time Formatting of Binary Codes 

Whether existing "time-only" binary error-correcting codes C can be formatted in a man- 
ner so as to produce a full-diversity space-time code C is now discussed. It turns out that 
the maximum achievable spatial diversity of a code is not only limited by the code's least 
weight code words but also by its maximal weight code words. 

Theorem 20 Let C be a linear binary code of length n whose Hamming weight spectrum 
has minimum nonzero value </ inin and maximum value </ max . Then, there is no BPSK trans- 
mission format for which the corresponding space-time code C achieves spatial diversity 
L > min{c/ niin ,n - d m&K + 1}. 

Proof : Let c be a code word of Hamming weight d = wt c. Then, in the baseband difference 
matrix (-l) c -(-l)°, bet ween c and the all-zero code word 0, the value —2 appears d times 
and the value 0 appears n - d times. Thus, the rank can be no more than d, since each 
independent row must have a nonzero entry, and can be no more than n - d + 1 since there 
must not be two identical rows containing only -2 entries. Therefore, the space-time code 
achieves spatial diversity at most 

L < mm{wtc,n -wtc + 1} = minfc^, n - d mx + 1}. 

This provides a general negative result useful in ruling out many classes of binary codes 
from consideration as space-time codes. 

Corollary 21 If C is a linear binary code containing the all-1 code word, then there is no 
BPSK t ransmission format for which the corresponding space-time code C achieves spatial 
diversity L > 1. Hence, the following binary codes admit no BPSK transmission format in 
which the corresponding space-time code achieves spatial diversity L > 1: 
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• Repetition codes 

• Rccd-Muller codes 

• Cyclic codes. 

As noted in the discussion of the stacking construction, it is possible to achieve full spatial 
diversity using repetition codes in a delay diversity transmission scheme. This does not 
contradict the corollary, however, since the underlying binary code in such a scheme is not 
strictly speaking a repetition code but a repetition code extended with extra zeros. 

2.4 Exemplary Special Cases 

In this section, special cases of the general theory for two and three antenna systems are 
considered exploring alternative space-time transmission formats and their connections to 
different partitionings of the generator matrix of the underlying binary code. 

L = 2 Diversity. 

Let G = [ I P ] be a left-systematic generator matrix for a [2k, k] binary code C, where 
I is the k x k identity matrix. Each code word row vector c = ( aj ap ) has first half a/ 
consisting of all the information bits and second half a P consisting of all the parity bits, 
where 

ap = a/P. 

Let C be the space-time code derived from C in which the information bits are transmitted on 
the first antenna and the parity bits are transmitted simultaneously on the second antenna. 
The space-time code word matrix corresponding to c = ( 5/ ap ) is given by 




The following proposition follows immediately from the stacking construction' theorem. 
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Proposition 22 If the binary matrices P andlirP arc of full rank over F. then tht space- 
time code C achieves full L = 2 spatial diversity. 

As a nontrivial example of a new space-time block code achieving 1 = 2 spatial diversity, it 
is noted that both 

10 111111111 
0 1 1 1 0 1 1 0 0 0 1 
1110111.0010 
110 1110 0 10 1 

0 11110 0 10 11 
P = 11110000110 

1 1 1 0 0 0 1 1 1 0 1 
1 1 0 0 0 1 0 1 0 1 1 
0 10 0 10 10 111 
0 10 10 111110 
0 110 110 110 0 

and I © P are nonsingular over F. Hence, the stacking construction produces a space-time 

code C achieving full L = 2 spatial diversity. The underlying binary code C, with generator 

matrix G = [I|P], is an expurgated and punctured version of the Golay code £ 2 3- This is 

the first example of a space-time block code that achieves the highest possible bandwidth 

efficiency and provides coding gain as well as full spatial diversity. 

The following proposition shows how to derive other L = 2 space-time codes from a given 

one. 



Proposition 23 If tht binary matrix P satisfies the conditions of the above theorem, so do 
the binary matrices P 2 , P T , and UPU" 1 , where U is any change of basis matrix. 



The (a\a + b) constructions are now reconsidered for the special case L = 2. Let .4 
and B be systematic binary [2A\ k] codes with minimum Hamming distances d A and </ B and 
generator matrices G A = [ I P A ] and G B = [ I P B ] , respectively. From the stacking 
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construction, the corresponding space-time codes A and B have code word matrices 





«/ 




h 






C0 = 





The | a | a © 6 1 construction produces a binary [4J\2A-] code C with minimum Hamming 
distance do = min{2</ A ,</ B }. A nonsystematic generator matrix for C is given by 



G c = 



Ga Ga 




0 G B 





I Pa I Pa 
0 0 I P B 



Applying the stacking construction using the left and right halves of G c gives the space-time 
code C = | A | AS B | of Theorem 22, in which the code word matrices arc of non-systematic 
form: 



cc = 



a/ a/® 6/ 

a/P A a/P A ®6/PB 



A systematic version is now derived in accordance with the present invention. 

Proposition 24 Let A and B be 2 x k space-time codes satisfying the binary rank criterion. 
Let C a be the 2 x 2k space-time code consisting of the code word matrices 



c = 



ai bj 
6/Pa a/PA©(5/9 6/)PB 



Then C 3 also satisfies the binary rank criterion and achieves full L = 2 spatial diversity. 

Proof: Applying Gaussian elimination to G c and reordering columns produces the 
systematic generator matrix 

Gc = [ I2*x2* Pc ] i 



where 



Pc = 



Pa Pa0Pb 
0 P B 



38 



SUBSTITUTE SHEET (RULE 26) 



WO 00/18056 



PCT/US99/21850 



Note that Pc is nonsingular since P A and Pb arc both nonsingular. Likewise. 

hk*2k c* Pc = 

is nonsingular since 1 9 Pa and I©Pb are. The rest follows from the stacking construction. 



I»P A P A £P B 

o ieP B 



An alternate transmission format for 2xt space-time codes is now considered. Let C be 
a linear, left-systematic [2k, k] code with generator matrix 



G = 



I 0 A n A 12 
0 I A 2l A 22 



where the submatrices I, 0, and A,-j are of dimension k/2 x k/2. In the new transmission 
format, the information vector is divided into two parts Xi and x 2 which are transmitted 
across different antennas. Thus, the corresponding space-time code C consists of code word 
matrices of the form 



c = 



Xi pi 
X 2 p2 



where p\ = xiA u 6 X2A21 and p 2 — x\ A J2 6 z 2 A 22 . 

For such codes, the following theorem gives sufficient conditions on the binary connection 
matrices to ensure full spatial diversity of the space-time code. 

Proposition 25 Let A u , A 21 , and A = HLi( A »i © A (2 ) be non-singular matrices over F. 
Then the space-time code C achieves full L = 2 spatial diversity. 

Proof: The conditions follow immediately from the stacking construction theorem ap- 
plied to the matrices 



M, = 



I An 
0 A 21 



M 2 = 



0 A 12 

1 A 22 
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since the sum M = Mi 9 M 2 may be reduced to the form 

M = 

bv Gaussian elimination. 



I A11&A12 
0 A 



The conditions of the proposition are not difficult to satisfy. For example, consider the 
linear 2x4 space-time code C whose code words 



c — 



xu Pn P12 
x 2 i X22 Pn P22 



are governed by the parity check equations 



Pn = Z12 © 2*21 © Z22 

Pl2 = Xi2@X 2 2 

P21 = Zn©Z2i 

P22 = X n ©Xi2©X 21 . 



The underlying binary code C has a generator matrix with submatrices 

A f 0 0 1 A 

An = t t A 12 = 

A21 = * " A22 = 



1 1 

0 1 



1 1 
0 0 



which meet the requirements of the proposition. Hence, C achieves 2-level spatial diversity. 
1 = 3 Diversity. 

Similar derivations for L = 3 antennas are straightforward. The following example is 
interesting in that it provides maximum possible bandwidth efficiency (rate 1 transmission) 
while attaining full spatial diversity for BPSK or QPSK modulation. The space-time block 
codes derived from complex generalized orthogonal designs for L > 2. on the other hand. 
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achieve full diversity only at a loss in bandwidth efficiency. The problem of finding general- 
ized orthogonal designs of rates greater than 3/4 for L > 2 is a difficult problem. Further, 
rate 1 space-time block codes of short length can not be designed by using the general 
method of delay diversity. By contrast, the following rate 1 space-time block code for L = 3 
is derived by hand. 

Let C consist of the code word matrices 



c = 



xM x 
xM 3 



where 





" 1 


0 


0 ' 




" 0 


0 


1 " 




"0 


1 


0 " 


M, = 


0 


1 


0 


M 2 = 


1 


0 


1 


, M 3 = 


0 


1 


1 




0 


0 


1 _ 




0 


1 


0 




. 1 


0 


1 , 



It is easily verified that M u M 2 , M 3 satisfy the stacking construction constraints. Thus, 
C is a 3 x 3 space-time code achieving full spatial diversity (for QPSK as well as BPSK 
transmission). Since C admits a simple maximum likelihood decoder (code dimension is 
three), it can be used as a 3-diversity space-time applique for BPSK- or QPSK-modulated 
systems similar to the 2-diversity orthogonal design scheme. 

Similar examples for arbitrary L > 3 can also be easily derived. For example, matrix 
Mi can be interpreted as the unit element in the Galois field GF(2 3 ); M 2 as the primitive 
element in GF(2 3 ) satisfying a 3 = 1 + a; and M 3 as its square a 2 . Since 1, a, a 2 are linearly 
independent over F, the BPSK stacking construction of the current invention is satisfied. Any 
set of linearly independent elements from GF(2 3 ) can be similarly expressed as a set of 3 X 3 
matrices satisfying the BPSK stacking construction and hence would provide other examples 
of L = 3 full spatial diversity space-time block codes in accordance with the teachings of the 
present invention. This construction method extends to an arbitrary number L of transmit 
antennas by selecting a set of L linearly independent elements in GF(2 L ). 
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3 Theory of QPSK Space-Time Codes 

Due to the binary rank criterion developed for QPSK codes, the rich theory developed in 
section 2 for BPSK-modulated space-time codes largely carries over to QPSK modulation. 
Space-time codes for BPSK modulation are of fundamental importance in the theory of 
space-time codes for QPSK modulation. 

3.1 Z 4 Stacking Constructions 

The binary indicant projections allow the fundamental stacking construction for BPSK- 
modulated space-time codes to be ^lifted" to the domain of QPSK-modulated space-time 
codes. 

Theorem 26 Let Mi,M 2 , . . . y M L be ^-valued mxn matrices of standard row type l e 2 m ~ e 
having the property that 

Va u a 2 ,...,a L 6 F; 

aiE(Mi) @ a 2 H(M 2 ) © * * * © a L E(M L ) is nonsingular 
unless a x = a 2 = * v = ai = 0. 



Let C be the L x n space-time code of size M = 2' +m consisting of all matrices 

c(z,y) = 



(x y)M x 
(x y)M 2 



(x y)M L m 

where (x y) denotes an arbitrary indexing vector of information symbols x € 7L\ and y G 
F m ~'. Then, for QPSK transmission, C satisfies the QPSK binary rank criterion and 
achieves full spatial diversity L. 

Proof: Suppose that for some x 0 , yo, not both zero, the code word c(xo, yo) has E-projection 
not of full rank over F. It must be shown that the matrices M, do not have the stated 
nonsingulatity property. 
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Case (i): /?{x 0 ) 76 0. 

If there are rows of c that arc multiples of two. the failure of the M, lo satisfy the 
nonsingularity property is easily seen. In this case, there is some row ( of c for which 

O = 0((x o y o )Mt) = {0(xo) 5)Z(M f ). 

Hence. E(M<) is singular, establishing the desired result. 

Therefore, c is assumed to have no rows that are multiples of two, so that E(c) = 0(c). 
Then there exist ai,a 2 , . . . , aj, G F, not all zero, such that 

0 = a l 0{xoM 1 )ea 2 8(xoM 2 )e---ea L l3(xoM L ) 
= 0{x Q ) (aiH(Mi) © a 2 5(M 2 ) © • ■ • © a L E(M L )) . 

Since /3(xo) ^ 0, aiH(Mi) © a 2 5(M 2 ) © • • • © oiE^Ml) is singular, as was to be shown. 
Case (ii): f}(x 0 ) = 0. 

In this case, all of the rows of c are multiples of two. Letting 

• (2x' 0 y 0 )M l ■ 

(2x' 0 j/ 0 )M 2 
c= . 

. {2x' 0 y 0 )M L . 

where x' Q G F', then 

f (x' 0 y 0 )S(M,) ] 
_ (x' 0 y 0 )H(M 2 ) 

-(c) = . 

. (x' 0 y 0 )E(M t ) . 

By hypothesis, there exist a t , o 2 ,...,o£ 6 F, not all zero, such that 

ai • (x'q y"o)Z(M,) © a 2 ■ {x' 0 y 0 )E(M 2 ) © • • • 6 a L ■ [x 0 y 0 )E(M L ) = 0. 
Then aiZ(Mi) © a 2 E(M 2 ) © • ■ • © a£,E(Mt) is singular as was to be shown. 
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In summary, the stacking of Z^-valued matrices produces a QPSK-modulated space-time 
code achieving full spatial diversity if the stacking of their Z-projections produces a BPSK- 
modulated space-time code achieving full diversity. Thus, the binary constructions lift in a 
natural way. Analogs of the transmit delay diversity construction, rate \/L convolutional 
code construction, | A \ A © B | construction, and multi-stacking construction all follow as 
immediate consequences of the QPSK stacking construction and the corresponding results 
for BPSK-modulated space-time codes. 

Theorem 27 Let C be the ^-valued, L x (n + L— 1) space-time code produced by applying 
the stacking construction to the matrices 

Mi = [G Ofcx^.j) ],M 2 = [ 0* xl G 0 kx{L -2) ],..., M L = [ 0 kx{L „ x) G], 

where 0 IX j denotes the all-zero matrix consisting of i rows and j columns and G is the 
generator matrix of a linear 7L 4 -valued code of length n. IfE(G) is of full rank over F, then 
the QPSK-modulated code C achieves full spatial diversity L. 

Theorem 28 The natural space-time code C associated with the rate l/L convolutional code 
C over Z 4 achieves full spatial diversity L for QPSK transmission if the transfer function 
matrix G(D) of C has E-projection of full rank L as a matrix of coefficients over F. 

Theorem 29 The Z 4 -valued space-time codes C x = \ A \ B \ and C 2 = | A \ A®B \ satisfy the 
QPSK binary rank criterion if and only if the IL^-valued space-time codes A and B do. 

Theorem 30 Let C be the L x n space-time code of size M = 2 u+m consisting of the code 
word matrices 

" {x y)M x ' 
(x y)M 2 

. (x y)M L m 
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where x e Zj, y E F m ~\ and the Z 4 -valued Mi,M 2 ....,M^ of standard row type l"2 m_u 
satisfy the stacking construction constraints for OPSK-modulatcd codes. Fori = 1.2. 

let (Mi;,M 2i - ) ... ? Mk) be an C-tuple of distinct matrices from the set {Mi,M 2 ,M L }. 

Thenj the space-time codeC( %m consisting of the code words 



c = 



(xi yi)M n {x 2 y 2 )Mi2 
(*i yi)M 2 i (x 2 y 2 )M 22 



(X m J/m)M lm 

(x m y m )M 2 m 



(ii yi)M n (x 2 y 2 )M< 2 (x )M, m 
is an C x mn space-time code of size M m that achieves full diversity C. Setting (xi y x ) = 

(^2 £2) = • ■ * = (£ m y m ) = (x y) produces an Cx rrin space-time code of size M that achieves 
full diversity. 

As a consequence of these results, for example, the binary connection polynomials of Table 
I can be used as one aspect of the current invention to generate linear, Z4- valued, rate 1/L 
convolutional codes whose natural space-time formatting achieves full spatial diversity L. 
More generally, any set of Z 4 -valued connection polynomials whose modulo 2 projections 
appear in the table can be used. 

The transformation theorem also extends to QPSK-modulated space-time codes in a 
straightforward manner. 

Theorem 31 Let C be a "Z. 4 -valued, Lxm space-time code satisfying the QPSK binary rank 
criterion with respect to Z-indicants, and let M be anmxn HL 4 -valued matrix whose binary 
projection /?(M) is nonsingular over F. Consider the Lxn space-time code M(C) consisting 
of all code word matrices 



M(c) = 



c 2 M 



. clM 



where c = [ Ci c 2 ... cj, ] T G C. Then, M(C) satisfies the QPSK binary rank criterion 
and thus, for QPSK transmission, achieves full spatial diversity L r 
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Proof : Let c. c' be distinct code words in C, and let Ac = c 9^ c\ Without loss of 
generality, Ac is assumed to be of standard row type l ( 2 L ~ c - Since J(M) is nonsingular. we 
have 0(x)(3(M) = 0 if and only if 3(x) = 0. Hence, M(Ac) is also of standard row type 
l'2 L - £ . It is to be shown that Z(M(Ac)) is of rank L. 



0 = a^0(Aci)fi{M)@'^Qa i '0{Ac i )0(M) 

©a< +1 ■ /?(AcJ +1 )/?(M) © • - • © o L • 0(&? L )/3{M) 
= [a x 0(kci) © • • • © a ( (3(Ac t ) © a M 0{A# w ) © - - - © a L 0(&<? L )]/3(M). 

Then, since /?(M) is nonsingular, 

a 1J 0(Ac 1 ) e ■ • ■ © a c P{£ct) 6 a< +1 /?(Ac; +1 ) © - ■ • © a^(Ac' L ) = 0. 

But, by hypothesis, E(Ac) is of full rank. Hence, a x = a 2 = • • • = ai = 0, and therefore 
E(M( Ac)) is also of full rank L as required. 

As in the binary case, the transformation theorem implies that certain concatenated 
coding schemes preserve the full spatial diversity of a space-time code. Finally, the results 
in Section 2.4 regarding the special cases of L = 2 and 3 for BPSK codes also lift to full 
diversity space-time codes for QPSK modulation. 

3.2 Dyadic Construction 



Note that 



/?(Ac;)/?(M) 1 



Z(M(Ac)) = 



/?(Ac',)/?(M) 
/?(A^ +l )/?(M) 
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Two BPSK space-time codes can be directly combined as in a dyadic expansion to produce 
a Z 4 - valued space-time code for QPSK modulation. If the component codes satisfy the BPSK 
binary rank criterion, the composite code will satisfy the QPSK binary rank criterion. Such 
codes are also of interest because they admit low complexity multistage decoders based on 
the underlying binary codes. 

Theorem 32 Let A and B be binary L x n space-time codes satisfying the BPSK binary 
rank criterion. Then the ^-valued space-time codeC — A + 2B is an L x n space-time code 
that satisfies the QPSK binary rank criterion and thus ; for QPSK modulation, achieves full 
spatial diversity L. 

Proof: Let z x = + 2h x and z 2 = a 2 + 2b 2 be code words in C, with a lf a 2 € A and 
bi,b 2 6 B. Then the Z 4 difference between the two code words is 

Az = Aa + 2Va + 2Ab, 

where Aa = a x @ a 2 , Ab = bj © b 2 , and Va = (1 © a^ 0 a 2 . In the latter expression, 
1 denotes the all-one matrix and O denotes componentwise multiplication. The modulo 2 
projection is /?(Az) = Aa, which is nonsingular and equal to E(Az) unless Aa = 0. In the 
latter case, Va = 0, so that Az = 2Ab. Then E(Az) = Ab, which is nonsingular unless 
Ab = 0. 

3,3 Mapping Codes to Space-Time Codes 

Let C be a linear code of length n over Z 4 . For any code word c, let Wi(c) denote 
the number of times the symbol i £ Z 4 appears in c. Furthermore, let u\(C) denote the 
maximum number of times the symbol i € Z 4 appears in any non-zero code word of C 

The following theorem is a straightforward generalization of the (dmim^max) upper bound 
on achievable spatial diversity for BPSK-modulated codes. 
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Theorem 33 Let C be a linear code of length n overlL 4 . Thtn } for any QPSK transmission 
format, the corresponding space-time code C achieves spatial diversity at most 

L < min{n - u' 0 (C),7? - max{u?i(C), u» 2 (C), ir_i(C)} + 1} . 

Proof: The same argument applies as in the BPSK case. 

It is also worth pointing out that the spatial diversity achievable by a space-time code 
C is at most the spatial diversity achievable by any of its subcodes. For a linear Z^-valued 
code C, the code 2C is a subcode whose minimum and maximum Hamming weights among 
non-zero code words. are given by 

4iin(2C) = m\n{w i {c)+w- l (c)}, 
d m&x (2C) = max{u>i(c) + w-i(c)}. 

Thus, the following result is produced. 

Proposition 34 Let C be a linear code of length n over Z 4 . Then, for any QPSK trans- 
mission format, the corresponding space-time code C achieves spatial diversity at most 

L < min {^/ min (2C) J n - d m&x (2C) + 1} . 

4 Analysis of Existing Space-Time Codes 

4.1 TSC Space-Time Trellis Codes 

Investigation of the baseband rank and product distance criteria for a variety of channel 
conditions is known, as well as a small number of handcrafted codes for low levels of spatial 
diversity to illustrate the utility of space-time coding ideas. This investigation, however, has 
not presented any general space-time code designs or design rules of wide applicability. 
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For L = 2 transmit antennas, four handcrafted Z 4 space-time trellis codes, containing 4, 
S, 1G, and 32 states respectively, are known which achieve full spatial diversity. The 4-state 
code satisfies simple known design rules regarding diverging and merging trellis branches, and 
therefore is of full rank, but other codes do not. These other codes require a more involved 
analysis exploiting geometric uniformity in order to confirm that full spatial diversity is 
achieved. The binary rank criterion for QPSK-modulated space-time codes of the present 
invention, however, allows this determination to be done in a straightforward manner. In 
fact, the binary analysis shows that all of the handcrafted codes employ a simple common 
device to ensure that full spatial diversity is achieved. 

Convolutional encoder block diagrams for Z 4 codes of are shown in Figure 5. The 4-state 
and 8-state codes are both linear over Z 4 , with transfer function matrices G 4 (Z>) = [ D 1 j 
and G 8 (D) = [ D + 2D 2 1 + 2D 2 ] , respectively. By inspection, both satisfy the QPSK 
binary rank criterion of the present invention and therefore achieve L = 2 spatial diversity. 

The 16-state and 32-state codes are nonlinear over Z 4 . In this case, the binary rank 
criterion of the present invention is applied to all differences between code words. For the 
16-state code, the code word matrices are of the following form: 



c = 



' x x (D) ' 




. x 3 (D) 





D + 2D 2 0 
1 + 2D 2D 2 



z(D) 
a(z(D)) 



For the 32-state code, the code words are given by 



c = 







. x a (D) 





D + 2D 2 +2D 3 3D 2 
1 + D + 2D 3 3D 2 



][. 



(D) 
{'(D)) 



Due to the initial delay structure (enclosed by dashed box in Fig. 5) that is common to all 
four code designs, the first unit input z t = ±1 — or first nonzero input z t = 2 if z(D) consists 
only of multiples of 2 — results in two consecutive columns that are multiples of | 0 1 ] and 
[l x ] , where x € Z 4 is arbitrary. The only exception occurs in the case of the 32-state 
code when the first ±1 is immediately preceded by a 2. In this case, the last nonzero entry 
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results in a column that is a multiple of [ 1 ±1 J . Hence, the ^-projection of the code 
word differences is always of full rank. By the QPSK binary rank criterion of the present 
invention, all four codes achieve full L = 2 spatial diversity. 

For L = 4 transmit antennas, the full-diversity space-time code corresponding to the 
linear Z 4 -valued convolutional code with transfer function G(D) = [ 1 D D 2 D 3 ] is 
known as a simple form of repetition delay diversity. As noted in Theorem 13, this design 
readily generalizes to spatial diversity levels L > 4 in accordance with the general design 
criteria of the present invention. The stacking and related constructions discussed above, 
however, provide more general full-diversity space-time codes for L > 2. 

4.2 GFK Space-Time Trellis Codes 

For all L > 2, it is known that trellis-coded delay diversity schemes achieve full spatial 
diversity with the fewest possible number of trellis states. As a generalization of the TSC 
simple design rules for L = 2 diversity, the concept of zeroes symmetry to guarantee full 
spatial diversity for L > 2 is known. 

A computer search has been undertaken to identify space-time trellis codes of full diversity 
and good coding advantage. A table of best known codes for BPSK modulation is available 
which covers the cases of L = 2, 3, and 5 antennas. For QPSK codes, the table covers only 
1 = 2. The 4-state and 8-state QPSK codes provide 1.5 dB and 0.62 dB additional coding 
advantage, respectively, compared to the corresponding TSC trellis codes. 

All of the BPSK codes satisfy the zeroes symmetry criterion. Since zeroes symmetry 
for BPSK codes is a very special case of satisfying the binary rank criterion of the present 
invention, all of the BPSK codes are special cases of the more general stacking construction 
of the present invention. 

The known QPSK space-time codes are different. Some of the QPSK codes satisfy the 
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zeroes symmetry criterion; some do not. Except for the trivial delay diversity code (con- 
straint length v — 2 with zeroes symmetry), all of them are nonlinear codes over Z 4 that do 
not fall under any of our general constructions. 

The QPSK code of constraint length u = 2 without zeroes symmetry consists of the code 
words c satisfying 



c(D) T = (a(D) b(D)) 



1 2D 
2D 1+2D 



where a(D) and b(D) are binary information sequences and for simplicity + is used instead 
of ©4 to denote modulo 4 addition. The Z^-difference between two code words Ci and c 2 , 
corresponding to input sequences (a^D) h(D)) and (a 3 (D) b 2 (D)), is given by 



Ac = 



Aa(D) + 2V<z(£>) + 2D Ab{D) 
2D Aa(D) + Ab{D) + 2 V6(£>) + 2D Ab{D) 



where Aa(D) = ai(D)®a2(D), Va(D) = (1 9ai(£>))0a 2 (I>) > and so forth. Here 0 denotes 
componentwise multiplication (coefficient by coefficient). 

Note that the Z 4 -difference Ac is not a function of the binary differences Aa(D) and 
Ab(D) alone but depends on the individual input sequences a(D) and b(D) through the 
terms Va(£>) and Vb(D). If Aa(D) = a 0 + a x D + a 7 D 7 + •■• + a N D N , (a, € F), then 

Aa(D) + 2Va(£>) = ±a 0 ± a^D ± a 2 D 2 ± ■ • • ± a„D N , 

for some suitable choice of sign at each coefficient. 

Projecting the code word difference Ac modulo 2 gives 



/?(Ac) = 



Aa{D) 
Ab{D) J ' 



which is nonsingular unless either (i) Aa(D) = 0, Ab{D) f 0; (li) Ab[D) = 0, Aa[D) ^ 0; 
or (hi) Aa(D) = Ab{D) ^ 0. For case (i), one finds that 



E(Ac) = Ab{D) 



D 
1 
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which is nonsingular. For case (i7), 



E(Ac) = Aa(D) 



1 

D 



which is also nonsingular. Finally, in case (Hi), 



Ac = 



Aa{D) + 2Va(D) + 2DAa(£) 
Aa(Z?) + 2Va(I>) 



(ID 



Thus, the t-th column of Ac is given by 



Aa, + 2Va, + 2Aa 
Aa ( + 2Va, 



Consider the first k for which Aa* = 1 and Aajt+i = 0 (guaranteed to exist since the trellis 
is terminated). Then the Ar-th and (k + l)-th columns of Ac are hk = [ ±1 ±1 ] T and 
Ajk+i = [ 2 0 ] T , respectively. Thus, $(Ac) is nonsingular, and the QPSK binary rank 
criterion is satisfied. Note that it is the extra delay term in the upper expression of equation 
(11) that serves to guarantee full spatial diversity. 

The QPSK code of constraint length v = 3 with zeroes symmetry consists of the code 
words c satisfying 



For this code, the binary rank analysis is even simpler. The projection modulo 2 of the Z 4 
difference Ac between two code words is given by 



c(D) T = (a(D) b(D)) 



1 + 2D D + D 2 
2 2D 



0(Ac{D)) = Aa(D) 



1®D 
D@D 7 



which is nonsingular unless Aa(£)) = 0 and Ab(D) ^ 0. In the latter case, 



Ac = Ab(D) 



2 

2D 



whose z.- 'and ^-indicants are nonsingular. 
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The QPSK code of constraint length v = 3 without zeroes symmetry, consisting of the 
code words 



c(D) T = (a(D) b(D)) 



1+2D 2 D + 2D 2 
1+2D 2 



does not satisfy the QPSK binary rank criterion. When -la(D) = 0 but Ab(D) ^ 0, the 
code word difference is 



Ac = 



A6(L>) + 2V6(Z?) + 2D Ab(D) 
2Ab(D) 



for which z,(Ac) and #(Ac) are both singular. The latter can be easily discerned from the 
fact that the second row of Ac is two times the first row. 



4.3 BBH Space-Time Trellis Codes 

Another computer search is known for L = 2 QPSK trellis codes with 4, S, and 16 states 
which is similar to the one discussed above. The results of the two computer searches agree 
regarding the optimal product distances; but, interestingly, the codes found by each have 
different generators. This indicates that, at least for L = 2 spatial diversity, there is a 
multiplicity of optimal codes. 

All of the BBH codes are non-linear over Z 4 . The 4-state and 16-state codes consist of 
the following code word matrices: 

c(Z>) T = 



4-state: 



16-state: 



(a(D) b(D)) 



2 + D -D 
2 2 + D 



1+2D 2 + D + 2D 7 
2 + 2D 2 2D 



c(Df = (a(D)b(D)) 

The analysis showing that these two codes satisfy the QPSK binary rank criterion is straight- 
forward and similar to that given for the GFK codes. 

The 8-state BBH code consists of the code word matrices 



c(D) r = (a(t) 6(t)) 



D 1 
2 + 2D + 2D 2 2 + 2D 
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which expression can be rearranged to give 



c(D) = a(D) 



D 
1 



+ 26(D) 



l + D + D 2 
1 + Z? J 



Whereas the GFK S-state code does not satisfy the QPSK binary rank criterion, the BBH 
8-state code does and is in fact an example of our dyadic construction C = A + 2B. By 
inspection, the two binary component space-time codes A and B, with transfer functions 



G A (D) = 



D 
1 



G B (D) = 



1®D®D 2 
\@D 2 



respectively, both satisfy the BPSK binary rank criterion. 

These results show that the class of space-time codes satisfying the binary rank criteria 
is indeed rich and includes, for every case searched thus far, optimal codes with respect to 
coding advantage. 



4.4 Space-Time Block Codes from Orthogonal Designs 

Known orthogonal designs can give rise to nonlinear space-time codes of very short block 
length provided the PSK modulation format is chosen so that the constellation is closed 
under complex conjugation. 

Consider the known design in which the modulated code words are of the form 

Xj xj 
X2 — Xj 

where Xi,X2 are BPSK constellation points. Assuming the on-axis BPSK constellation, the 
corresponding space-time block code C consists of all binary matrices of the form 



c = 



a b 
b lea 



This simple code provides L = 2 diversity gain but no coding gain. The difference between 
two modulated code words has determinant 



det 



(-1*) 6 ' ~(-l) h -[(-l) 0l -(-l)°'] 



= - (K-ir - (-in 2 + [(-i) 61 - (-D 6 *] 2 ), 
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which is zero if and only if the two code words are identical («i = « 2 and b x = & 2 ). On the 
other hand, the corresponding binary difference of the unmodulated code words is given by 



Q\ © Cl2 b\ © ^2 
6j © 62 <*1 © «2 



But, if ai ® a 2 — 61 © 62 = I* for example, the difference is 

Ac = 



1 1 
1 1 



a matrix that is singular over F. Hence, C achieves full spatial diversity but does not satisfy 
the BPSK binary rank criterion. 

5 Extensions to Non-Quasi-Static Fading Channels 

For the fast fading channel, the baseband model differs from equation (1) discussed in the 
background in that the complex path gains now vary independently from symbol to symbol: 



(12) 



1=1 



Let code word c be transmitted. In this case, the pairwise error probability that the decoder 
will prefer the alternate code word e to c can be upper bounded by 

-dLr 



- UNoJ ' 



where c t is the t-th column of c, e t is the i-th column of e, d is the number of columns c t 
that are different from e t , and 

/<= (n 1 /(*)-/(*.) 1 2 ) . 

W«« / 

The diversity advantage is now dL ri and the coding advantage is p. 

Thus, t'he design criteria for space-time codes over fast fading channels are the following: 
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(1) Distance Criterion: Maximize the number of column differences d = | {t : c t ^ e t ) | 
over all pairs of distinct code words c,e € C, and 

(2) Product Criterion: Maximize the coding advantage 

/<= ( II l/(*)-/(««)l a ) . 

over all pairs of distinct code words c,e6C. 

Since real fading channels are neither quasi-static nor fast fading but something in between, 
designing space-timexodes based on a combination of the quasi-static and fast fading design 
criteria is useful. Space-time codes designed according to the hybrid criteria are hereafter 
referred to as "smart greedy codes, 71 meaning that the codes seek to exploit both spatial and 
temporal diversity whenever available. 

A handcrafted example of a two-state smart-greedy space-time trellis code for L = 2 
antennas and BPSK modulation is known. This code is a special case of the multi-stacking 
construction of the present invention applied to the two binary rate 1 /2 convolutional codes 
having respective transfer function matrices 

Gr(D) = 

The known M-TCM example can also be analyzed using the binary rank criteria. Other 
smart-greedy examples are based on traditional concatenated coding schemes with space- 
time trellis codes as inner codes. 

The general |-4|5|, |.4|,4©5|, de-stacking, multi-stacking, and concatenated code 
constructions of the present invention provide a large class of space-time codes that are 
"smart-greedy." Furthermore, the common practice in wireless communications of interleav- 
ing within code words to randomize burst errors on such channels is a special case of the 
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transformation theorem. Specific examples of new, more sophisticated smart-greedy codes 
can be easily obtained, for example, by de-stacking or multi-stacking the space-time trellis 
codes of Table I. These latter designs make possible the design of space-time overlays for 
existing wireless communication systems whose forward error correction schemes are based 
on standard convolutional codes. The extra diversity of the spatial overlay would then serve 
to augment the protection provided by the traditional temporal coding. 

6 Extensions to Higher Order Constellations 

Direct extension of the binary rank analysis in accordance with the present invention to 
general L x n space^time codes over the alphabet Z 2 r for 2 r -PSK modulation with r > 3 
is difficult. Special cases such as 8-PSK codes with L = 2, however, are tractable. Thus, 
known 8PSK-modulated space-time codes are covered by the binary rank criteria of the 
present invention. 

For general constellations, multi-level coding techniques can produce powerful space-time 
codes for high bit rate applications while admitting a simpler multi-level decoder. Multi- 
level PSK constructions are possible using methods of the present invention. Since at each 
level binary decisions are made, the binary rank criteria can be used in accordance with the 
present invention to design space-time codes that provide guaranteed levels of diversity at 
each bit decision. 

To summarize, general design criteria for PSK-modulated space-time codes have been 
developed in accordance with the present invention, based on the binary rank of the unmod- 
ulated code words, to ensure that full spatial diversity is achieved. For BPSK modulation, 
the binary rank criterion provides a complete characterization of space-time codes achieving 
full spatial diversity when no knowledge is available regarding the distribution of ± signs 
among the baseband differences. For QPSK modulation, the binary rank criterion is also 
broadly applicable. The binary design criteria significantly simplify the problem of designing 
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space-time codes to achieve full spatial diversity. Much of what is currently known about 
PSK-modulated space-time codes is covered by the design criteria of the pressent invention. 
Finally, several new construction methods of the present invention are provided that are 
general. Powerful exemplary codes for both quasi-static and time- varying fading channels 
have been identified based on the constructions of the current invention and the exemplary 
set of convolutional codes of Table I. 
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What is claimed is : 

1. A communication system comprising: a framer for segmenting transmit data blocks 
into fixed frame lengths for generating information symbols from a discrete alphabet of 
symbols; 

a plurality of antenna links; 

a channel encoder for encoding the generated information symbols with an error control 
code for producing code word symbols; 

a spatial formatter for parsing the produced code word symbols to allocate the symbols 
to a presentation order among said plurality of antenna links; and 

a phase shift keying modulator for mapping the parsed code word symbols onto con- 
stellation points from a discrete complex- valued signaling constellation according to binary 
projections to achieve spatial diversity. 

2. A communication system as recited in claim 1 comprising data terminal equipment 
(DTE) coupled to said framer for communicating digital cellular data blocks. 

3. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Code Division Multiple Access (CDMA) systems. 

4. A communication system as recited in claim 2 wherein said digital cellular data terminal 
equipment comprises Time Division Multiple Access (TDMA) systems. 

5. A communication system as recited in claim 1 wherein said channel encoder comprises 
a mobile channel encoder producing the code word symbols having length of a multiple N of 
the number of said plurality of antenna links L. 
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6. A communication system as recited in claim 5 wherein said spatial formatter parses 
the length X of the produced code word symbols among L antennas. 

7. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein the combination of channel encoder and spatial formatter are chosen from 
the class of space-time codes satisfying a binary rank criteria. 

S. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein the combination of channel encoder and spatial formatter are provided 
with a stacking space-time code construction. 

9. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein binary phase shift keying (BPSK) modulation is used and the space-time 
code is based on formatting the output of convolutional channel encoder for presentation 
across the transmit antennas. 

10. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein a concatenated space-time code is used in which the outer code is used to 
satisfy a binary rank criteria and multiple inner codes are used to encode the transmitted 
information from the multiple transmit antennas. 

11. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein a concatenated space-time code is used in which the inner code is composed 
of a channel encoder and a spatial formatter designed to satisfy a binary rank criteria. 

12. A • communication system as recited in claim 2 comprising a plurality of transmit 
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antennas, wherein the combination of channel encoder and spatial formatter arc covered by 
a multi-stacking construction. 

13. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein quadrature phase shift keying (QPSK) modulation is used and the space- 
time code is covered by a stacking, multi-stacking, or de-stacking constructions for QPSK. 

14. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein QPSK modulation is used and the space-time code is based on formatting 
the output of a linear convolutional code over the ring of integers modulo 4 for presentation 
across the multiple transmit antennas. 

15. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein QPSK modulation is used and the space-time code employs a dyadic 
construction. 

16. A communication system as recited in claim 2 comprising a plurality of transmit 
antennas, wherein multi-level coded modulation and multi-stage decoding are used and the 
binary space-time code employed in each level belongs to the class of codes that satisfy the 
binary rank criterion or any of the constructions. 

17. A communication system as recited in claim 2 comprising two transmit antennas 
wherein M-ary P5K modulation, M =8 or more, is used and the space-time code belongs to 
a class satisfying the binary rank criteria or any of the constructions. 

IS. A. communication system as recited in claim 2 comprising a plurality of transmit 
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antennas, wherein graphical space-time codes are designed such that the code generating 
matrix satisfies the stacking, multi-stacking, or de-stacking construction. 

19. A communications method comprising: 

generating information symbols for data block frames of fixed length; 

encoding the generated information symbols with an underlying error control code to 
produce the code word symbols; 

parsing the produced code word symbols to allocate the symbols in a presentation order 
to a plurality of antenna links; 

mapping the parsed code word symbols onto constellation points from a discrete complex- 
valued signaling constellation; 

transmitting the modulated symbols across a communication channel with the plurality 
of antenna links; 

providing a plurality of receive antennas at a receiver to collect incoming transmissions; 
and 

decoding received baseband signals with a space-time decoder. 

20. A method as recited in claim 19 wherein said encoding and parsing steps are performed 
with a space-time encoder having a channel encoder and a space-time formatter. 

21. A communications system comprising: 

means for generating information symbols for data block frames of fixed length; 

means for encoding the generated information symbols with an 5 underlying error control 
code to produce the code word symbols; 

means for parsing the produced code word symbols to allocate the symbols in a presen- 
tation order to a plurality of antenna links; 
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means for mapping the parsed code word symbols onto constellation points from a discrete 
complex-valued signaling constellation; 

means for transmitting the modulated symbols across a communication channel with the 
plurality of antenna links; 

means for providing a plurality of receive antennas at a receiver to collect incoming trans- 
missions; and 

means for decoding received base band signals with a space-time decoder. 

22. A communication system as recited in claim 21 wherein said encoding means comprises 
a mobile channel encoder producing the codeword symbols having length of a multiple N of 
the number of said plurality of antenna links L. 

23. A communication system as recited in claim 22 wherein said parsing means comprises 
a spatial formatter for parsing the length N of the produced code word symbols among L 
antennas. 

24. A communication system as recited in claim 21 wherein said encoding and parsing 
means comprise a space-time encoder having a channel encoder and a space-time formatter. 

25. A communication system as recited in claim 24 comprising receiving means for col- 
lecting incoming transmissions demodulated with a phase shift keying demodulator and a 
space-time decoder to demodulate the code word symbols. 
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